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OBOCHOBAHHME BO3MOXHOCTHU HUCIOJIb30BAHUSI
T'HJIPOJUHAMUYECKON MOJIEJN BSI3KOM HEC)KHUMAEMOMH
"KUJKOCTHU IMPU MOJEJUPOBAHUN HA ITPOIT'PAMMHOM HAKETE
H3JIYYEHHOI'O MOJISI DJIEKTPOOCMOTHYECKOI'O
SJIEKTPOAKYCTUHUYECKOI'O MU3JIYYATEJIS

B pabore 000cHOBBIBaeTCS BO3MOXKHOCTH HCIIONB30BAHMS THIPOJAMHAMUYECKON MOJETH BSI3KOH, HECKHMMAEMOM,
TEIUIONPOBOSAMIEH KUIKOCTU JUIsl pacdyera MapaMeTpoB JIEKTPOOCMOTHYECKOrO TEUEHHUS B MOPHUCTOH cpene, Ha-
MIOJTHEHHOM KUJIKOCTBIO, B YCIOBUSAX MPUJIOKEHUS K 3TOM Cpejie MOCTOSHHOTO U MEPEMEHHOT0 3JIEKTPUUECKUX MO-
sel. IIpuBopstes ycioBus nepexona K 3TOH MOJENM OT MOAEIU BSI3KOW, COKMMAEMOM JKUIKOCTH. YKa3bIBAOTCS
IPaHULbl IApaMETPOB 3aJaud, B YACTHOCTU I'PAHHULbI CKOPOCTEM TEUEHUS U YaCTOTHbIE OrPAHUYEHMS AJIs OIPAB-
JTAaHHOCTH TaKoro nepexoja. IlormyueHHbIe pe3yapTaThl MOTYT OBITH UCTIOIB30BAHBI IPH MOAEIHPOBAHNH YKa3aHHBIX

TIPOIIECCOB HA BBIYUCIIUTEIIbHBIX ITAKETaX.

Kn. cn.: BHeKTpOOCMOTI/I‘{eCKI/Iﬁ H3JIy4aTeiib, BsA3Kas HECO)KMMacMasd )KUJIKOCThb, YPaBHCHUEC Hagbe — CTOKca, obmee

YpaBHCHHUC MICPECHOCA TCIJId, YACTOTHBIC OTPAaHUYCHUSL

BBEJEHUE

[Ipr w3y4eHWn TOBENEHHS >XUAKOCTH WJIM Tas3a
IPU UX JIBMXKEHUH I1OJ BO3AECHCTBHEM CHII Pa3IM4HON
NPUPOABI OOBIYHO TOJB3YIOTCS CHCTEMaMH pa3iny-
HBIX CBSI3aHHBIX MEXAy coOoi ypaBHeHwid. Tak, Ha-
MpUMEp, €CIH JBWKEHHE JKUIKOCTH COMPSIKEHO
C DJIEKTPUYECKUMH CHUJIAMH, TO TIPUBJIEKAETCS JOIOJI-
HUTEIBHO CHCTEMa YpPaBHEHHWM 3JEKTPOrHApOAMHA-
Mukd (cM., Hanpumep, [1-3]). OcoOeHHOCThIO TaKUX
CHCTEM Pa3HOPOJHBIX ypaBHEHHIl sBIsieTCSd HEO0XO-
JUMOCTBh UX COBMECTHOTO PEIICHHUs B CHITy CBA3aHHO-
CTH ONMCHIBAEMBIX MU (U3NUECKUX MoJel. Pemenue
TaKUX CHCTEM AaHAJUTHYECKH, KaK MpPaBUJIO, HEBO3-
MOJKHO B CHJIy CIIO)KHOCTH B3aMMOCBSI3aHHBIX ypaB-
HEHUI CHCTEMbI, HETPUBUAIBHOCTH T€OMETPHH pac-
CMaTPUBaeMBIX B 3ajade KpaeBBIX YCIOBHHA W T.I.
IloaTomy, kak mHpaBHUIIO, TakWe 3aJaddl MPUXOIUTCS
pelaTh YUCIEHHO C MPUBIEYEHHUEM CIIeIHATU3HPO-
BAaHHBIX BBIUYMCIUTEIBHBIX IAKETOB, B YACTHOCTH Ma-
keta COMSOL Multiphysics — mporpaMMHOro nake-
Ta JUISL aHAJIN3a, PELICHNS U MOJACIUPOBAHUS METOI0M
KOHEYHBIX 3JIEMEHTOB IJsl Pa3iIMYHBIX (DU3NUECKUX
1 WHXEHEPHBIX TMPHUIOKEHUH, 0COOEHHO CBS3aHHBIX
MYJIbTH(U3NYHBIX SBJICHUH.

B apcenaine makera MOXXHO BBIOpaTh (pU3UUECKUE
MOJENU Pa3IMyHON ciiokHOCTH. OCHOBHas 3ajaada
NPEAMETHOTO CIEIMAINCTa MPU 3TOM BBIOpaTh KOM-
INPOMHCCHBIN HabOp (HU3MUECKHX MOJeNeH, HCXoas
u3 KpuTepus "lieHa — KauecTBO", T.e. BHIOpaTh HauMe-

Hee CIIOXKHYI0 (U3UUECKYI0 MOJICIb MPH MPHEMIEMON
TOYHOCTH TIOJy4aeMOTO PEIICHHUS.

IMOCTAHOBKA ITPOBJIEMbI

B macrosmmieit pabore 00OCHOBBIBAE€TCS BO3MOK-
HOCTb HCIIOJIb30BaHUs MPOCTEHIIEH TuApoAnHaAMHUYe-
CKOM MoOJieNid BSI3KOM, HEC)KMMAeMOM, TEIJIONpPOBO-
JAIIEeN KUAKOCTU Ul pacdyeTa MapaMeTpoB IEKTPOOC-
MOTHYECKOTO TEUEHHUS B OPUCTOM Ccpefie, HAITOJTHEHHON
JKUJIKOCTBIO, B YCJIOBHUSIX NPHJIOXKEHUS K 3TOH cpene
MOCTOSTHHOTO ¥ IEPEMEHHOTO JIEKTPUYECKUX TOJIeH.

PEINEHUE ITPOBJIEMBbBI

)Ionyme}me 0 HEC)KUMACMOCTH )KHIAKOCTH

Jlasiee TPUBOIMTCS IOJHAS CHCTEMa YpaBHEHUH
THJIPOJIMHAMUKH JJIs1 BSA3KOW COKMMAEMOW >KHUKOCTH.
DTy cucreMy B paboTe HEOOXOIUMO MaKCHMAalbHO
YIPOCTHTh B paMKax MpHEMJIEMON TOYHOCTH JJIsSl pe-
HICHUS 3a/1a4d pacyeTa aKyCTHYECKOrO MOJs 3JeK-
TPOKUHETHYECKOTO U3JTy4aTels.

HauGonee oOmmum TUAPOAMHAMUYECKUM YpaBHE-
HUEM JIAMUHAPHOTO JIBUXKCHUS BSI3KOM JKHUIKOCTH SIB-
nsietcst ypaBHeHne Hasbe — CTOKca JUIsl COKUMAEMBbIX
XKUAKOCTEH (cM., Hammpumep, [1, c. 73]):

p[%+(vV)v}=—Vp+nAv+(§+ngV-v+F. (1)

117



118

K Hemy nobaeinsieTcsi ypaBHEHHUE HETPEPHIBHOCTH
U1 COKUMAEMOM KUIKOCTH

op
Fivy.
= tVo(pv)

u ob1ee ypaBHeHHe nepeHoca tema [1, ¢. 273]

0 2

pT(%+ stj =V-(kVT)+D, 3)

a TAKXKXC YpaBHCHUC COCTOSAHUS, CBA3bIBAIOLICC 1aBJiC-
HHUE p C IUIOTHOCTBIO CpE€Abl O U C 3HTpOHH6ﬁ N

(em. [4, c. 10])
p=r(p.s). 4)

Cuctrema (1)—(4) sBRsieTCS MONMHOW W COJEPIKUT
IIECTh CKAJSIPHBIX COOTHOUICHWH JUISL OIpPEeICHUs
LIECTH TOJIEH: TPeX KOMIIOHEHTOB BEKTOPa CKOPOCTH
v=(v1,v2,v3), JABJICHUS p, IUIOTHOCTU XHUIKOCTH
£ U DHTPOIUHU CAMHHIIBI MACCHI KUIKOCTH .

Oyukiuio D B npaBoit wactu (3), onpeaensieMyio
paBEHCTBOM

2

_n a"t+%_§5ikdivv +§(diVV)2’ ®)

25,{ ox,

1

Ha3bIBAIOT AWCcHMTIATHBHON (yHKIMer. OHa xapakrte-
pu3yeT HeoOpaTUMble MOTEPH B BSI3KOH TMAPOAMHA-
muueckoit cucreme (1)—(4).

Beime B (1)—(4) npuHATH 0003HAYEHUS: 17 U { —

COOTBETCTBEHHO AMHAMHYECKas U 00bEeMHas BI3KOCTH
JKUIKOCTH; K — KO3((UIIUEHT TeIIONPOBOIHOCTH
(B ypaBHeHwusix (1) 1 (3) 3TH BEIMYUHBI IOCTOSHHBIC);
F — cuna, neiictByromas Ha eqHAIYY 0ObeMa KU-
KOCTH, B YaCTHOCTH B 3JIEKTPOTMAPOJUHAMHUYECKUX
3ajayax 9TO TIOHAEPOMOTOpHAas CHiIa, KOTOPYIO
B AJIEKTPOOCMOTHYECKHX 3a7adyaX OOBIYHO OTpaHUYH-
BaroT cuioit Kynona F=p E, rie p, — obbemHas

TUIOTHOCTh 3JIEKTPUUYECKOTO 3apsiia B xuakoct; E —
BEKTOp HAINpPSKECHHOCTH NPUIOKEHHOTO K JKUIKOCTH
AIIEKTPUIECKOTO TIOJISL.

Cucrema (1)—(4) sBisercs IOCTATOYHO CIIOKHOM
U TPYJOEMKOH MpH ee MOJICIUPOBAHNU HA BHIYUCIIU-
TeNBHBIX MakeTax. OMHAKO MPH HEKOTOPHIX JIOMYIIe-
HUSIX OHA MOXET OBbITh 3HAUUTENILHO YIPOIICHA. JTH
JIOMYIICHUST KACAIOTCS TOBEJCHUST TPEX MOJeH: MoJIs
IUIOTHOCTH Cpellbl O, TOJNIsi CKOPOCTH Cpelpl V

Y TEeMIIepaTypHOTO MoJIst cpenbl 7.
Tak, npy JTOMYIIEHANA O HEC)KUMAECMOCTH JKUJIKO-
CTH

o = const (6)

ynpouiaTcsi ypaBHeHue apwxkenuss HaBwe — Ctokca
(1), ypaBHeHHe HempepbIBHOCTH (2), a TaKkke BbIpa-

b. I1. ITAP®APEIL]

KEHUE JUIA JUCCUNAaTUBHOM QyHKuuH (5) B ypaBHe-
HUU TIepeHoca Tema (3) 1 ypaBHEHUH COCTOSIHUSA (4).
[Ipy nomymeHMH O MasbIX BapHaLUsX TEMIEPaTyphl
T=T,+T,tne T, — cpeauss TeMIepaTypa Cpebl,

T — ee Bapuanus, T.e. npu yciosuu Ty > T, yn-
polaercs Takke ypaBHeHHe mepeHoca Terua (3). U3
ycJoBUs O MajnoMm uucie Maxa M =|v|/ cK 1, toe

¢ — CKOPOCTH 3BYKa B Cpefle, CIeAyeT NOMyIICHUE
(6) 0 mpaKTUYECKON HEC)KIMAEMOCTH KHUIKOCTH.

Jamee monpoOHO OCTAaHOBMMCSI Ha JIETANSAX ATHX
JIONYIICHUH, a TIOKa BBIITUIIEM U3MEHEHHBIN BUJ CHUC-
TeMbl (1)—(4) mocne NPUHIATHS STUX JOMYIIEHHA.

VYpapuenue apwxenus (1) Ttpanchopmupyercs
K YPaBHEHUIO JBHKCHHS ISl HECXKMMAEMOM JKHIKO-
ctu [5, ¢. 73]

p|:?+(VV)V:|=—Vp+77AV+F. (7
t

VYpaBHEHHE HEMPEPHIBHOCTH (2) TakXe CBOIUTCS
K BHJIY, COOTBETCTBYIOIIEMY HECKHMAEMOM >XHAKO-
ctH [5, c. 73]

V-v=0. ®)

OOmiee ypaBHEHHE MEpeHOca TEIUla NP YCIOBUH
MaJIOCTH YrciIa Maxa ¥ yCIOBHM O MaJIbIX BapHaIMsIX
TeMIiepaTypbl CBOOUTCS K BULY [5, c. 277]:

2
T . 0
o W= T+ X[ D) (g
ot 2¢,\ Ox,  Ox,
rae v=n/p — KAHEMAaTHYeCKasl BSI3KOCTb, J —

KO(GHUIMEHT TEMIEepaTypOIPOBOIHOCTH, ¥ =K/ P ;
¢, — TEIUIOEMKOCTb CPeJibl IPU MOCTOSIHHOM JIaBiIe-

HUU.

Takum oOpaszom, cucrema (7)—(9), comepkamias
IIATh CKAJSIPHBIX COOTHOIIEHWH (BEKTOPHOE ypaBHE-
Hue (7) pacnagaercs Ha 3 CKaNSPHBIX), ABJISCTCS MOJI-

HOW IS OTIpeIeTICHHSI TITH TIOJICH: (V, p, T )

Hanee noapoOHee MPHUBEAEM YCIOBHS, IIPU KOTO-
PBIX JKUAKOCTh MOXKHO CUMTATh HECKMMAEMOH IpHU ee
CMAYUoOHapHOM U HeCMayuOHAPHOM TEUYEHUH. DTU
BOTPOCHI TOZPOOHO pacCMOTpPEHHI B padoTe [5].

CTaIII/IOHapHOC TCUYCHHEC KUTKOCTH

CormacHo [5, c. 41], Bapuanus W3MEHEHHSI TLIOT-
HOCTH p B CTAllMOHAPHO JBMXKYIICHCS KUJIKOCTH HME-
€T TaKOW MOPAIOK

2
pv
Ao~ 0| 22| (10)
C
3[{60]: Ap — Bapuanuu IJIOTHOCTU CPCAbI; V —
CKOpOCTI) TCUYCHUA KXKHUAKOCTH, C — CKOpOCTB 3ByKa

B KN IKOCTH.
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OBOCHOBAHHME BO3MOXXHOCTU UCIIOJIb3OBAHUS TUAPOJUHAMUYECKOU MOJIEJIA

>KI/I,Z[KOCTB MOXKHO CUMTaTh HECKHMAEeMOMU opu yc-
JIOBHH, 4YTO BapuallMM IUIOTHOCTH CpC€Abl MaJlbl:

A
2P « 1. Yro, cornacuo (10), paBHOCHIILHO YCIOBHUIO

Jo,

v «e, (11)
O3HAyYaIeMy TOT (aKT, YTO CKOPOCTh TEUCHUS
JTOJDKHA OBITH MHOTO MEHBIIIE CKOPOCTH 3BYKa.

Ycaous (11) mocTaTodHO TOJIBKO IPH CTAIHO-
HapHOM JBWXEHUU XKHUIKOCTU. [Ipu HecTarmonapHoM
JIBUKEHUW HEOOXOMMO BBIIIOJHEHHE €Ile OIHOTO
YCIIOBUSL.

HeCTaunonapﬂoe ABUKECHHEC 'KUIAKOCTH

ITycte 7 m | BeaM4MHBI TOPS/IKAa TPOMEKYTKOB
BPEMEHU U PACCTOSHUM, HA KOTOPBIX CKOPOCTb KH[I-
KOCTU U IIPOMEKYTKH BPEMEHU COOTBETCTBEHHO HC-
IBITBIBAIOT 3aMETHOE U3MEHEHUE.

ITpou3BOAHOM MIOTHOCTH KUJKOCTH p IO BPEMEHU

0
8_p MOXKHO TpeHeOpeub (CUMTaTh IUIOTHOCThH p TO-
t

CTOSTHHOM BO BPEMEHM) B cirydae [5, ¢. 42]

/
T>»> —.
c

(12)

[IpuBeneM HeEKOTOpbIE OIICHOYHBbIE JAHHBIE NpU-
MEHHUTENBFHO K 3JEKTPOOCMOTHYECKHUM  SIBICHUSM
B BO3/IyX€, & TAKOKE U B KHUIKOCTH, & KOHKPETHO B BOJIE.

Bnayane oneHnM xapakTepHbIE aMIUTUTYABI KoJe-
OaTenpHBIX CKOPOCTEH XHUIKOCTe B Bo3ayxe. B pa-
6ore [6, c. 41] nmpuBeneHbI XapaKTepHBIE BEIUYHHBI
KoJiebaTeNbHBIX CKOpocTel B Bo3xyxe. Tak, Ha Ooe-
BOM IIOpOTe MpH BO3JAEHCTBUM MOIIHOTO 3ByKa B BO3-
JIyXe aMIUTUTyJa CKOPOCTH HYacCTHIl JIOCTUTAEeT BCEro
mumb 1 mM/c. CKOpocTh 3ByKa B BO3JyXe paBHa IpH-
mepHo 340 m/c. Takum oOpazom, epBoe yciosue (11)
JUISL BO3/LyXa BBIIOJIHACTCSA C 3a11acoM:

vKLe. (13)

Paccunraem TrpaHuULBl CHPaBEUIMBOCTH YCIIOBHS
(12) ans Bo3dgyxa MpH HECTALIMOHAPHOM PEXHME Te-
yeHns. PaccmarpuBaeM TapMOHHYECKOE 3BYKOBOE
noje ¢ nepuojoM Konedanuit 7, YTO COOTBETCTBYET

1
yactote f =?. Torna B xauectBe 7 B (12) ciemyet

npuHaTk nepuon T =71 =1/ f. IloacraBnss nocnen-
Hee BelpakeHue B (12), moiy4aeM HEpaBEHCTBO

c
L —.
4 /

[IpuauMaeM, 9To TONIMMHA MEMOpPAHBI, B KOTOPOM
OCYILECTBIISETCS MPOLECC EKTPOOCMOCA, COCTaBIIA-

2
er [=10 M, 4TO C 3allaCOM OTpaKac€T PCaJIbHOCTb.
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TOF,Z[a AJIg BO31yXa IMoJIy4acM OLCHKY
< §= 13:(2) = 34000 I (14)

Takum o6pazom, cormacHo (13) u (14) ans Bo3my-
Xa CHpaBeUIMBO NP U3YyYCHUU IPOIECCOB IEKTPO-
oCMOCa NPUMEHATh NPHOIIKEHHE HEC)KUMAeMOK
SKUAKOCTH 10 4yacToT 8—10 kI u Ooitee.

Jlasiee pacCMOTPHUM Te K€ OTPAHUYCHHUS IS KUJI-
KOCTH, B KauecTBe KOTOpoi paccMoTpuM Boay. Cko-
pocTh 3ByKa B Bojie mpumepHo 1500 m/c.

Onpenenum BeMWYUHY KOJIEOATEIFHOW CKOPOCTH
B BOJIE U3 clieayromiero coodpaxenus. [Ipumem, yro
B BOZIC MMEETCSl aKyCTUYECKOE JAaBJICHUE C aMILIUTY-
JIO, PaBHOM aMIUIMTY/ie AaBICHUS B BO3JyXe, U PaB-
HOE p,:

pBOZlbI = pBoSuyxa = pO °

Ilpn paBneHun p, amILIMTyJa KojeOaTeabHOU

Oymer paBHa V. = Prons

BOABI

CKOpOCTU B BOJAC V,

BOJIBI
BOJIBI

[Mocne HECNOXHOHM LENOYKU TOXIECTBEHHBIX MPe00-
pa3oBaHUN HaXOAUM

_ p BONBI __ p BO3yXa ZBO3}Z[yXa p BO3AYXa
BOABI - - -
z BOJIBI z BOJIbI zZ BO3IyXa z BOJIbI
_ Zaoxz(yxa pBOS}ZlyXa _ Zaosuyxa (1 5)
- - BO3IyXa *
zZ Z Z
BOJIBI BO3IyXa BOJIBI

3mech gepe3 z =2 o6o3maueno yIeNbHOE aKyCTHYe-
v

CKO€ COINPOTHBIICHHE COOTBETCTBYIOIIEH CpEAbl, paB-
HOE OTHOUICHUIO aMIUIUTY]l AAaBJICHUS U KojeOaTelb-
HOI CKOpPOCTH.

z
HaiizeM oOTHoOlIeHME ——t

V4

BOJIbI

BETCTBYIOIIUEC BCJIMYMHBI. TaK, V4

noACTaBJIAsA COOT-

=4171Ila c/m,

z =150-10*TIa c/™m (cMm. cratpio B Bukunemum

BO/Ibl

BO3/IyXa

"VaenpHOE akycTtudeckoe compoTuBieHue"). OKoH-
qaTCJIbHO NMEEM
ZBozszlyxa _ 417
z 150-10°

BOJIbI

=2.78-107".

Takum o6pazom, u3 (15) momyyaem, 4yTo mpu o1u-
HAKOBOM aMIIIMTyle AaBJICHUS B BOJE U BO3AYyXeE, KO-
nebaTenbHass CKOPOCTh BOJBI SIBISACTCS BEIMYUHOMN
MPUMEPHO YETBEPTOrO MOPSIKA MAJOCTH 10 CpaBHE-
HHIO C KOJIEOATENbHOI CKOPOCTBIO B BO3/IYyXE.

Hepasenctso (12) mis BoAsl MpUMET CIETyIOMIAN
BUJ:
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c 1510

f< =10 =1.5-10° I'n.

(16)
DTO PaBHOCWIBHO TOMY, YTO JUIsl BOABI BEPXHSS

TPaHMILAa II0 YacTOTE JOCTUIaeT, II0 Kpé}‘l\/'IHCI\/'I Mepe,

BEJIMYMHBI YaCTOTHI 3ByKa nopsiaka 1.5 107 I'u.

BbIBO/IbI

[MpuBenenubie cooOpaxeHuss U (aKThl HOIATBEP-
JKIAI0T BO3MOXXHOCTh WCIOJB30BAaHHUS TPUOIMKEHUS
HEC)KUMAEMOM BS3KOM J>KMJIKOCTH TPU OLIEHKE 3JIEK-
TPOOCMOTHYECKHUX TMPOIIECCOB B BOJIE MU BO3JyXeE
B JIOCTaTOYHO LIMPOKOM JUAIa30HE YacTOT.

MNPUJIO)KEHUE

Oco0eHHOCTH peau3auuu 3JIeKTPOOCMOTHYECKOT 0
Te4YeHHUsl B BBIYMCINTEIBHOM NMaKeTe
COMSOL Multiphysics

B ynomsHyTOM makeTe paHee ObLI pealn30BaH
CIIEIYIOINI BapuaHT MOJEIHPOBAHUS IJIEKTPOOCMO-
THyeckoro TedeHus (cm. [7]). Pemamacek 3amada (7),
(8). CrexyIstHHBIN KPYyroBOW KamMILISP, 3aMOJTHEHHBIN
BO3IyXOM, MIMEJ pa3Mephl: [yImHa 1 MM, pamuyc Ka-
nuwuistpa 10 MxM. B mepBUYHOIM MOCTaHOBKE K TOpLAM
Kalmwuisipa JODKHO OBLIO TOAaBaThCcs CyMMapHOE
MOCTOSTHHOE U NEPEMEHHOE IeKTpuueckoe mnoiue. On-
Hako B makere COMSOL sTa 3aiaua pemanacs HHaue.
A WMEHHO BMECTO HeoJHopojHOTro ypaBHeHHs (7)
pemanach 3anada (7) MpH HyJIEBOH BHEIIHEH Cuie
Kynona F = 0. B xayecTBe anpTepHaTHBBl BHELIHEH
cuJie Ha IpaHMIIe BO3AyXa U BHYTPEHHEH CTEHKU Ka-
MAIISIpa YKa3bIBAJIOCh HE YCIIOBHE MPUIIMIIAHUS BO3-
JlyXa Ha TPAHUIIE CO CTCHKOW KalmWjuisipa, a HaJU4ue
HEHYJIEBOW CKOPOCTH BO3/yXa Ha 3TOW TpaHHIIE, paB-
HOM 3JIEKTPOOCMOTHUYECKOM CKOPOCTH, BBI3BAHHOMH
MPIIOKCHHBIM K TOPIIaM Kamrmuisipa CyMMapHBIM T10-
CTOSHHBIM W TI€PEMEHHBIM J3JIEKTPUYECKHUM IIOJEM.
DTa CKOpOCTh OmpenesseTcs: ypaBHeHueM [§, ¢. 10]

(U, +U) =8nﬁ§(E0 +E).

3necs £, 1 £ — aMIUIUTYyJbl BEKTOPOB 3JIEKTpUYE-

CKOM HAaINpsKEHHOCTU COOTBETCTBEHHO MOCTOSHHOTO
U TEePEeMEHHOTO (TapMOHUYECKOTO) JIICKTPUUCCKUX
noJiel (BEKTOpa AJIEKTPUYECKUX TOJICH HamlpaBICHBI
BIOJIb OCU KallWIIAPA); &, — IIEKTPUYECKas I1OCTO-

sAHHaA; & — OTHOCUTCIIbHAsA AUBJICKTpHUYECKas IIpo-

b. I1. ITAP®APEIL]

HHIIAEMOCTb;

e _
U, :%gEO = const; U:%CE.

J13€Ta-IMOTEeHIHAT,

Paboma svinonnena ¢ HAIl PAH 6 pamkax ['ocyoapcm-
sennozo 3aoanus 075-00780-20-00 no meme Ne 0074202 1-
0013 Munucmepcmea HayKu u bicuie2o 00pa308aHUs.
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JUSTIFICATION OF THE POSSIBILITY OF USING
THE HYDRODYNAMIC MODEL OF A VISCOUS INCOMPRESSIBLE
FLUID IN SOFTWARE SIMULATION OF THE RADIATED FIELD
OF THE ELECTROOSMOTIC ELECTROACOUSTIC RADIATOR

B. P. Sharfarets

Institute for Analytical Instrumentation of RAS, Saint Petersburg, Russia

The paper substantiates the possibility of using a hydrodynamic model — a viscous, incompressible, heat-
conductive fluid to calculate the parameters of an electroosmotic flow in a porous medium filled with liquid un-
der the conditions of the application of constant and alternating electric fields to this medium. The conditions of
transition to this model from the model of a viscous, compressible fluid are given. The boundaries of the prob-
lem parameters are specified, in particular, the boundaries of the flow velocities and frequency limitations, for
the justification of such a transition. The acquired results can be used with computational tools to model the

aforementioned processes.

Keywords: electroosmotic radiator, viscous incompressible fluid, Navier — Stokes equations, general equation of heat

transfer, frequency constraints

INTRODUCTION

When studying the behavior of a fluid or gas dur-
ing their movement under the influence of forces of
different nature, systems of various related equations
are usually used. So, for example, if the movement of
the liquid is conjugated with electrical forces, then an
additional system of equations of electrohydrodynam-
ics is involved (see, for example, [1-3]). A feature of
such systems of heterogeneous equations is the need
to solve them together due to the connectivity of the
physical fields they describe. As a rule, the solution of
such systems analytically is impossible due to the
complexity of the interrelated equations of the system,
the non-triviality of the geometry of the boundary
conditions considered in the problem, etc. Therefore,
as a rule, such problems have to be solved numerically
using specialized computing packages, in particular
the COMSOL Multiphysics package, a software pack-
age for analyzing, solving, and modeling by the finite
element method for various physics and engineering
applications, especially related multiphysics pheno-
mena.

In the arsenal of the package, one can choose phys-
ical models of varying complexity. The main task of
the specialist is to choose a compromise set of physical
models based on the criterion "price — quality”, i.e., the
least complex physical model with acceptable accura-
cy for the resulting solution.

PROBLEM STATEMENT

The present work substantiates the possibility of
using the simplest hydrodynamic model of a viscous,
uncompressible, heat-conducting liquid to calculate

the parameters of electroosmotic flow in a porous me-
dium filled with liquid under the conditions of apply-
ing constant and alternating electric fields to this me-
dium.

SOLUTION

Fluid incompressibility assumption

The following is a complete system of hydrody-
namic equations for a viscous compressible fluid. This
system should be simplified as much as possible with-
in acceptable accuracy to solve the problem of calcu-
lating the acoustic field of the electrokinetic emitter.

The most general hydrodynamic equation for the
laminar motion of viscous fluid is the Navier — Stokes
equation for compressible fluids: see, for example, [1,
p. 73]:

p[%+(VV)V}=—Vp+nAV+[§+gJVV~V+F. (1)

The continuity equation for a compressible fluid is
added to it

P v (pv)=
at+V(pV) 0 (2)

and the general heat transfer equation [1, p. 273] is
also added
os
pT| = +VVs =V-(kVT)+D. 3)
t

Finally the equation of state relating pressure p to the
medium density p and entropy s (see [4, p. 10])
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p=p(p.s). 4)

The system (1)—(4) is complete and contains six
scalar relations for determining six fields: three com-
ponents of the velocity vector v =(v,,v,,v;), the pres-

sure p, fluid density p and entropy s of the fluid

mass unit.
Function D on the right side (3), defined by equality

2
nfov, ov, 2. . . \2
D=—| —+—FL-=5divv| +¢(divv), 5
2(8xk o 3" s (divy) ®)

is called a dissipative function. It characterizes irrevers-

ible losses in a viscous hydrodynamic system (1)—(4).
Above, in (1)—(4), the following designations are

adopted: n and ¢ respectively, are the dynamic and

volumetric viscosities of the liquid; x is the coeffi-
cient of thermal conductivity (in equations (1) and (3)
these values are constant); F is the force per unit
volume of the liquid, and, in terms of electrohydrody-
namics, it is the ponderomotive force, which, in elec-
troosmotic tasks, is usually limited by the Coulomb
force F=p E, where p, is the volume charge densi-

ty in the liquid; E is the intensity vector of the elec-
tric field applied to the liquid.

The system (1)—(4) is quite complex and time-
consuming when simulating it using computer pack-
ets. However, under some assumptions, it can be
greatly simplified. These assumptions relate to the
behavior of three fields: the medium density fields p,
medium velocity fields v and the temperature field
T of the medium.

So, under the assumption of liquid incompatibility

p =const (6)

simplifying the Navier — Stokes equation of motion
(1), the continuity equation (2), and the expression for
the dissipative function (5) in the heat transfer equa-
tion (3) and the state equation (4). Assuming small

temperature variations 7 =T,+7 , where T, is the

average temperature of the medium, 7 is its varia-
tion, i.e., under the condition Ty > T, the heat trans-
fer equation (3) is also simplified. From the condition
of a small Mach number M =|v|/c <« 1, where ¢ —

the speed of sound in the medium, the assumption (6)
on the practical incompatibility of the liquid should be
followed.

Next, we will dwell on the details of these assump-
tions, and for now we will write out a modified form of
system (1)—(4) after the adoption of these assumptions.

The equation of motion (1) transforms into the eq-
uation of motion for an incompressible fluid [5, p. 73]

b. I1. ITAP®APEIL]

p{%+(vV)v}=—Vp+nAv+F. (7)

The continuity equation (2) is also reduced to the
form corresponding to an incompressible fluid [5,
p. 73]:

V.v=0. ®)

The general equation of heat transfer under the
conditions of a small Mach number and small tem-
perature variations is reduced to the form [5, p. 277]:

2
o wrepaT+ 2| L ] ()
ot 2¢,\ Ox, Ox

where v=n/p is the kinematic viscosity; y is the
coefficient of thermal conductivity, ¥ =x/p; ¢, is

the heat capacity of the medium at constant pressure.

Thus, the system (7)—(9) containing five scalar re-
lations (vector equation (7) splits into 3 scalar ones) is
complete for defining five fields: (v, p,T).

Next, we present in more detail the conditions un-
der which a fluid can be considered uncompressible at
its steady and non-stationary flow. These issues are
discussed in detail in [5].

Steady-state fluid flow

According to [5, p. 41], the variation in the p den-
sity in a steady fluid has this order of magnitude

2
Ap ~ 0(”2 J (10)
c
Here Ap are the variations in the medium density; v
is the fluid flow velocity, ¢ is the speed of sound in
fluid.

The fluid can be considered uncompressible pro-
vided that the variations in the density of the medium
A . . .
are small: £ « 1. According to (10), it is equivalent
o,
to the condition

v «e, (11)
meaning that the flow velocity must be much less than
the speed of sound.

Conditions (11) are sufficient only for stationary
fluid motion. In the case of unsteady motion, it is ne-
cessary to fulfill another condition.

Unsteady fluid movement

Let 7 and / be the values of the order of time in-
tervals and distances at which the fluid velocity and
time intervals, respectively, experience a noticeable
change.
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The time derivative of the fluid density p 2—’0 can
t

be neglected (the density p is considered constant in
time) in the case [5, p. 42]

[
> —.
™ - (12)

Here are some estimates in relation to electroos-
motic phenomena in air, as well as in fluid, and spe-
cifically water.

First, we estimate the characteristic amplitudes of
the vibrational velocities of fluids in air. In [6, p. 41]
the characteristic values of vibrational velocities in air
are given. So, with a powerful sound in the air at the
level of the pain threshold, the amplitude of the par-
ticle velocity reaches only 1 m/s. The speed of sound
in the air is about 340 m/s. Thus, the first condition
(11) for air is fulfilled with a margin:

vKLe. (13)

We calculate the boundaries of the validity of con-
dition (12) for air in an unsteady flow mode. We con-
sider a harmonic sound field with a period of oscilla-

. . 1
tions 7, which corresponds to the frequency f =?.

Then the period 7 =7 =1/ f should be taken as 7 in
(12). Substituting this expression into (12), we obtain
the inequality

c
L —.
4 [

We assume that the thickness of the membrane on
which the electroosmosis process is carried out, is
[ =10"m, which reflects reality with a margin. Then,
for air, we get an estimate

< §= 1340 =34000 Hz.

02

(14)

Thus, according to (13) and (14), for air, it is fair to
use an approximation of an uncompressible liquid up
to frequencies of 8-10 kHz or more when studying
electroosmosis processes.

Next, we consider the same limitations for the lig-
uid, as we do for water. The speed of sound in water is
approximately 1500 m/s.

Determine the magnitude of the oscillatory veloci-
ty in water based on the following consideration. Let's
assume that there is an acoustic pressure in water with
an amplitude equal to the pressure amplitude in air

and equal to p,

pBOZ[bI = pBozﬂyxa = pO N
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At pressure p,, the amplitude of the vibrational

. . p
speed in water v is v ="

BOJIBI BOABI

. After a simple
BOJIBI

chain of identity transformations, we determine

_ pBO)]LI _ psomyxa _ Zsozﬂyxapsomyxa _
vBOZlbl - - - -
BO/1bl ZB()}[I:I Znosuyxa ZBOIII:I
— Zsosuyxa pBOS}lyxa — ZBO3£lyxa v (15)
BO31IyXa *
ZBOZlbl Z303uyxa ZBO}ll:l

Here z=2 is the specific acoustic impedance of
v

the corresponding medium, equal to the ratio of pres-
sure amplitudes to vibrational speed.

z
Determine the ratio —** by substituting the cor-

V4

BOJIBI

responding  values. ~ So,  z,... =417Pas/m,

Zpom = 150-10* Pa s/m (see Wikipedia article "Specif-
ic acoustic impedance"). Finally, we have

Zoomyxa 417
z 150-10*

BOJIBI

=2.78-107",

Thus, from (15), we obtain that at the same pres-
sure amplitude in water and air, the vibrational speed
of water has a value of about the fourth order of
smallness compared to the vibrational speed in air.

The inequality (12) for water takes the following
form:

c 1510
K —=—
s / 107
This is equivalent to the fact that for water the up-
per limit in frequency reaches at least a sound fre-
quency of the order of 1.5-10* Hz.

=1.5-10° Hz. (16)

CONCLUSIONS

The above considerations and facts confirm the
possibility of using the approximation of an uncom-
pressible viscous liquid in the assessment of elec-
troosmotic processes in water and air over a fairly
wide frequency range.

APPENDIX

Features of electroosmotic flow analysis
with a computing package COMSOL Multiphysics

In the mentioned package, the following variant of
electroosmotic flow modeling was previously imple-
mented (see [7]). The problem (7), (8) was under con-
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sideration. A glass circular capillary filled with air had
dimensions: length — 1 mm, radius — 10 pm. In the
primary setting, a total constant and alternating elec-
tric field was to be supplied to the capillary ends.
However, in the COMSOL package, this task was
solved differently. Instead of the heterogeneous equa-
tion (7), the task (7) was solved at zero external Cou-
lomb force F = 0. As an alternative to the external
force at the boundary of the air and the inner wall of
the capillary, it was indicated not the condition of air
sticking at the boundary with the capillary wall, but
the presence of a nonzero air velocity at this boun-
dary, equal to the electroosmotic velocity caused by
the total constant and alternating electric field applied
to the ends of the capillary. This velocity is deter-
mined by the equation [8, p. 10]

(U, +U) =224 (E, +E).
n

Here E, and E are the amplitudes of vectors of elec-

tric intensity, respectively, of constant and alternating
(harmonic) electric fields (vectors of electric fields are

directed along the capillary axis); ¢, is the electric
constant; ¢ 1is the relative dielectric constant; ¢ is the

. EE &E
zeta potential, U, =—>( E, =const; U="2(E.
n
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