ISSN 0868-5886

MATEMATHYECKHWE METO/bI

HAYYHOE IIPUEOPOCTPOEHUE, 2023, mom 33, Ne 3, c. 74-91

U MOJAEJIMPOBAHHUE B INPUBOPOCTPOEHUUN

VIIK 537.213, 537.612, 517.5

© A. C. bepanukos, C. B. MacokeBu4, 2023

YUCJEHHBINA AJTIOPUTM JJI1 MUHUMAKCHOU
MOJIMHOMUAJIBHON ANMPOKCUMAILIMU ®YHKIUA
C 3AJJAHHBIM BECOM

B crarbe paccmarpuBaeTrcst OBICTPOCXOISIITMNCS YHCIEHHBIH QJITOPUTM AJISI ONpEJNEeNICHUs] TTOJTMHOMOB 3aJaHHON
CTETICHH, KOTOPBIN 0OecIieurBaeT Ha 3aJaHHOM MHTEpBaJe ONTHMaJIbHOE NPUOIIKEHNE 3alaHHOW (QYHKIMU B MH-
HUMaKCHOM HOpME C 3aJlaHHBIM BECOM IIPH YCJIOBHH, YTO BecoBas (QYHKIHS HE oOpaliaeTcs B HOJIb HA pacCMaTpH-
BacMOM HHTEpBaJIe, 32 UCKIIOUEHHEM, OBITh MOXKET, Ha4aJIbHOW M/MJIM KOHEYHON TOYEeK MHTEpBaJa.

Kn. cn.: MUHMMaKcHast HOpMa, IMMOJIMHOMBI I‘IQ6I>IIJ.I€B3., ONITUMAJIbHAA alllIpOKCUMAIINA, THTEPITOIIAIINS

BBEJEHUE

[Ipumenenue anmpoxcuManuii (QYHKIHUHA, ONTH-
MaJIbHBIX 10 MUHHMAaKCHOW (paBHOMEpHOH) HOpME,
WMEET CYIIEeCTBEHHBIE TPENMYIIECTBA 110 CPABHEHHIO
¢ Oonee mpocToill anmpoxkcuManueil GyHKUUN 1Mo Me-
TOIy HaWMEHBIIMX KBazpaTos [1, 2]. B xadecTBe mo-
JIE3HOT'O0 MHCTPYMEHTa MpPU KOHCTPYUPOBAHUU TAKHUX
anmnpoOKCUMAIIM UCIIOIb3YOTCS MOJMHOMBI YeObIliie-
Ba MEPBOI0O POJia, HAUMEHEE OTKJIOHSIOIIUECS OT HYJIs
C BeCOBOW (hyHKIMEH, paBHoi exunule [3, 4]. Pasno-
KeHne (YHKIUM B YCEUYCHHBIH ps/I, COCTOSIIUIN
U3 MOJUHOMOB, HAUMEHEE OTKJIOHSIOMIMXCS OT HyJs
(B cirydae eIMHUYHOMN BECOBOM (YHKIIMHA — TOJIUHO-
MOB YeOrbIeBa), sIBIAETCS OJHUM U3 CIIOCOOOB TpH-
OJIMKEHHOTO KOHCTPYHMPOBAHHUS TOJIMHOMHAIBHBIX
anmpoKCUMalui, ONTUMAJIbHBIX IO MHUHHUMAaKCHOMN
Hopme [4, 5]. Takxe Ag KOHCTPYUPOBAHUS TTOJMHO-
MHUAJIBHBIX alMPOKCUMAIINA, KOTOpBIE SBISIOTCS XO-
pOIIMM MPUOJIMKEHHEM K ONTHMAaJIbHOW MHHHMAaKcC-
HOW amNmpOKCHUMAaIAN, HCIOJB3YIOT aIlpOKCHMAITHIO
M0 AMCKPETHOMY HA0Opy KOJJIOKAMOHHBIX TOYEK,
COOTBETCTBYIOUIMX HYyJAM TmosrHoMa YeOblmieBa
CO CTETIEHBIO0 Ha €IMHUILY OOJIbIlIe, YeM CTEIeHb arl-
MPOKCHMUpYIOIIero nmoauHoMma [1, 2, 4, 5].

Takme cmocoOBl XapakTepHU3YIOTCS yIOOCTBOM
U JIETKOCTBIO KOHCTPYHMPOBAHUS, a TAK)KE OIpPEJIEIEH-
HBIMHA 3MIIAPHYECKUMHU TIPEATIOCHUIKAMH TTOJy9HUTh
Ha BBIXOJIE JIOCTaTOYHO XOPOIIYI0 TOYHOCTh. O/HaKO
YIPOLICHHBIE CIOCOOBI AlPOKCHMAIIMH OTIUYAIOTCS
OT UCTUHHOW aNnmnpoKCUMAalud, ONTUMAJIbHON MO MU-
HUMAaKCHOW HOpME, U, CIIeIOBATEIbHO, 00ECTIeYHBAIOT
HEKOHTPOJIUPYEMO OOIBIIYIO OIIMOKY armpoKCHMa-
LMY, YEM TOYHOE PEIIEHHE COOTBETCTBYIOIIEH MHHHU-
MaKCHOM OIITMMM3AIlMOHHOM 3amauu. VMcrnoin3oBaHue
anmnpoKcuManui, o0ecneunBaromuX Uil 3aJaHHOU
(YHKIIMM TOYHOE PElIeHHe MUHUMAKCHOW ONTHMHU3a-
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MOHHOW 3a7aun (KOT/Ia 3TO BO3MOXKHO), OTIPEACIICH-
HO 0oJiee MPEAIOYTUTEIHHO.

MHOkecTBO (GYHKITAHN, TSI KOTOPBIX UMEECTCS SIB-
HOe anreOpamveckoe (aHAIUTHUYECKOE) IIpe/ICTaBIie-
HUE JUIsl TIOJWHOMHAIBHON allpOKCHUMAIIHNH, SIBIISIIO-
hieiicss ONTUMAajIbHOM MO MHMHHMMAKCHOM HOpMeE, He
CJIUIIKOM BEJIMKO (TIPAKTUYECKH BCE TaKHE CIydau
npuBoasTcs B [6—8]). B manHoi paboTte mcciaemyercs
YTOYHCHHBIM BapuaHT OBICTPO CXOJSIIETOCS YUCICH-
HOTO aJlTOpUTMa IS OmpeaeneHus Kod(h UINEHTOB
MIOJIMHOMOB, HAUMEHEE OTKIIOHSIOLIUXCS OT 3alaHHOM
(YHKIMM Ha 33JJaHHOM HMHTEpBaJIe C 3aJaHHBIM Be-
COM, KOTOPBIi paHee 0BT pacCMOTpeH B [9].

MHMHUMAKCHAA AIIIMPOKCUMALIUA
OYHKIUU U TEOPUSA YEBBIIIIEBA

ITocTanoBka 3agaun

[lycth uMeeTcs HenpepbIBHas QYHKIHA f{X) U KO-
HEUYHBIA WHTEpBaN [@, D], WIS KOTOpPOro 3amaHa He-
mpepeiBHass BecoBast (QyHKIUS (x), SBISIOIIAsACS
CTPOTO TOJOXKUTENFHONH Ha STOM HHTEpBaje, 3a WC-
KIIIOYEHHEM, OBITh MOXET, KOHIIOB HMHTEpBAJIa, LIS
KOTOPBIX OHa MOXET oOpalarbcsi B HOMb. Tpedyercs
HAWTH TIONMHOM p(X) CTENIEHU HE BBIIIE /1 C 3apaHee He-

! Jlnst BecoBOit (hYHKLMHM C HYJIAMH BHYTPH MHTepBana [a, b]
motpe0yeTcs, 9TOOBI MAKCHMYMBI I MUHIMYMBI YeObIteBa
(v IpOOHBIE TOYKH ISl YHCIIEHHOTO alTOpUTMa) HE COBIIA-
JIali ¢ HyJISIMHA BECOBON (DYHKIMH, a 3HAaKH HONEPEMEHHBIX
MaKCHMYMOB U MHUHHMYMOB HM3MEHSJINCh B COOTBETCTBHUH
co 3HaKoM BecoBoil (pyHkumu. Takxkxe nHTepBan [a, b] Mo-
KET ObITh OECKOHEYHBIM CIpaBa M/WIIK CIIEBa, HO TPH 3TOM
U annpokcumupyemas ¢GyHkims f{x), ¥ BecoBass (QyHKUIUS
q(x) MOIKHBI CTPEMHTBHCS K HYIIO Ha OECKOHEYHOCTH HE
MeJUIeHHee, deM crerennble Gpynkuun 1/x", mpraem ¢ oxu-
HaKOBOHM CKOpPOCThIO [6—8].
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OIpeeTICHHBIME KOA(PUIUSHTAMU dg, A1, Ay, - .., Ay

px)=ao+ax+ 612)62 +...+ an-lxn_1 +ax’, (1)

KOTOpLIﬁ SIBJISICTCA  PCHICHHUEM OHTHMHBaHHOHHOﬁ
3aJa4u

max |o(x) (x) - p(x))| — min, 2
rIe MaKCUMH3alusl BBIIOJIHACTCS IO MEpEeMEHHON
x € [a, b], a MEUHUMHU3aLIMS BBITIOJHSETCS IO KO3 dH-
HUEHTaM dy, d1, Ay, - .., .

be3 orpanmdenusi OOIMIHOCTH MOXKHO CUHTATh, YTO
¢byHKUUS f{x) HE SBNAETCS TOTUHOMOM CTENCHHU 7 WIH
HIDKE, — B TPOTUBHOM Clly4dae ONTHMAaJbHOE pelle-
HHE [UIi 3afauyd (2) 3apaHee M3BECTHO M COBHAJAET

¢ dyHKImen f(x).

Kpurepnii YeObimeBa 111 MUHUMAKCHOM
NMOJTUHOMHAJILHOH aNMPOKCHMAIIUH

Jist Toro 4To0BI TTONIMHOM p(X) CTETICHW 7 OBLIT
peuieHueM 3anauyn (2), HEOOXOIUMO U JIOCTATOYHO,
4yTOOBI CYHIECTBOBAIM TaKoi Habop M3 n + 2 TOodek
Xo<x1<x<...<X,+, NPHUHAICKAINNX HHTESPBATY
[a, b], m Takoe dnciO € (NMOJIOKUTETBEHOE JIMOO OTPH-
[ATEeNFHOE), YTOOBI OBLIH BHITIOHEHBI YCIOBUS:

—le] < o(x) (fix) — p(x)) < [e| npu x € [a, b], (3)
o(xx) (flxr) — p(xi)) = e npu k=0,1,.,n+1. (4)
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Toukn xp < x; <X, < ... <X,4+| C YEPEAYIOLIUMUCH
MOJIOKUTEIIbHBIMA MUHUMYMaMH U OTPHUIIATCIBHBIMHU
MaKCHUMyMaMH, PaBHBIMH T10 aOCOJIOTHOW BETHMYWHE
MaKCUMyMy MOJYJISl HCClIeayeMOd (QyHKIHMH, Ha3bl-
BaroTCH anbTepHancoMm YeOrrmeBa (cum. [7, 8, 10—-14]).
I'paduxu monmaomoB YebblmieBa mepBoro poxaa [3],
JIEMOHCTPHPYIOIINE BBITIOJIHEHHE JaHHOTO YCIIOBHSI
Ha uHTepBane [—1, +1] ¢ Becom w(x) = 1, npuBoasTcs
Ha puc. 1.

Cwmeicn ycnoBmit (3), (4) COCTOUT B TOM, YTO IS
MOJIMHOMA p(X) uMeeTcst Habop u3 n + 2 MPOOHBIX TO-
YeK X;, B KOTOpPBHIX HeBs3ka o(x) (fx) — p(x)) mmeer
JIOKAIIbHBIC YEPEIyIOIIUECs OTPULIATEIIEHbIC MHUHH-
MyMBI U TIOJOXHTEIbHBIE MaKCUMYMBI, paBHbIE X|g],
MpUYEM 3HAYCHUS 3TUX MHHUMYMOB U MaKCUMYMOB
SIBJISIIOTCST TJIOOQJIBHBIMH Ha WHTEpBaie [a, b]. DToT
KpUTEpUI SBISIETCS YacTHBIM cliyuyaeM Teopun Ye-
ObllleBa MUHHMAKCHOH anmnpoKcHMaluy (QyHKIHHA
C TIOMOIIBIO IPOOHO-PAMOHANBHBIX QYHKIHA [7, 8],
OJTHAKO B CITydae armpOKCHMAIMK C IOMOIIBIO MOJIH-
HOMOB JIOKa3aTeIbCTBO COOTBETCTBYIOIIUX YTBEP-
JKICHUHN YIIPOILLAETCS.

Yr1Bepxkaenue 1 (Teopema Basuie — Ilyccena [7, 8,
15-17]). Ecm paccmatpuBaemast GyHkImst o(x) (fx) —
— p(x)) AN HEKOTOPOro MHOTOWIEHa p(X) CTENEeHU 71
npuHEMaeT B N TOCIEIOBATEIbHBIX  TOYKAX
Xo<x;<..<xy_; wuHTepBANAa [@, b]| OTIINYHBIC
OT HyJISl 3HAYCHUS Ag, Aq, ..., Ay_1 C YEPEAYHOIIUMHUCS

1 )

05 10X

Puc. 1. ITormmaOMEI YeOnieBa 7,,(x), KOTOpBIE HANMEHEE
OTKJIOHSAIOTCS OT HyJs Ha oTpeske [—1, +1].
a—n=50—n=8B—n=16
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3HaKaMu, T1e N > n + 2, To 1y1st I'060T0 Jpyroro MHO-
ro4YJIeHa #(X) CTETICHU M CTIPABEIUBO

max |o(x) (fx) — 7)) 2 min {Aol, [Al, ..., Ay—if}.

Lokasamenvbcmeo. llycTh wWMeeTcs MHOTOUICH
r(x), OIS KOTOPOTO  BBIMOJHSETCS  YCIOBHUE
max |o(x) (f{x) — r(x))| <min (JAo|, |M], ---, |Av_1])- By-

JIEM CUUTATh, YTO B MOCIECAOBATCIILHOCTU X; JIJIS YET-
HBIX TOYeK 3HadeHus o(x;) (fxy) — #(x;)) cTporo mo-
JIOKHUTEJIbHBIC, A JUI HEYETHBIX TOYEK CTPOrO OTpH-
narenbHbie. (Korga ans HEYeTHBIX TOUYEK 3HAYCHHUS
MOJIOKUTENbHBIC, a JUIsl YETHBIX TOYEK OTPHIIATEINb-
HBIC, PacCy>X/ICHUS aHAJIOTUYHBL) DTO O3HAYAET, YTO
B YETHBIX TOYKAaX X; BBITIONHEHO ycnoBue m(xy) (flx;) —
—r(xp) <Al = o(x) (fxx) — p(xx)), @ B HEUETHBIX TOY-
Kax X; BBIMONHEHO ycioBue o(x;) (flxy) — r(xp)) >
> M = o(xr) (fxy) — r(xr)). B pesynbrate BenuunHa
o(x) (p(x) — r(x)) cTporo oTpHIaTeThbHA B YCTHBIX
TOYKAX X; U CTPOTO MOJOXKHUTEIbHA B HEUCTHBIX TOY-
Kax Xj. 3HaUCHHs BECOBOH (DYHKIUHU (X)) B TOUKAX Xy,
JUTSE KOTOphIX QyHKIUA o(x) (f{x) — r(x)) npuHUMaeT
CTPOTO TOJIOKHUTENbHBIE WIH CTPOTO OTPULATEIBHBIC
3HAYCHUS, He 00paIlaloTCcs B HOJb U, CIICJIOBATEIBHO,
CTPOTO TOJOXKUTENbHBI. ClienoBaTenbHO, HE PaBHBIN
TOXKJECTBEHHO HYJII0 MHOTOWIEH p(X) — ¥(X) cTereHn
7 TIONIEPEMEHHO NPUHHUMAET CTPOTO TOJIOKHUTEIbHBIC
WU CTPOrO OTpHIATENbHBIE 3HAUYCHHS KaK MHUHUMYM
B 1 + 2 pa3HBIX TOYKAaX U B CHJIy 3TOTO UMEET HE Me-
Hee n + 1 mynel kpatHocTu 1. 3HAYUT, MHOTOUJICH
r(x), JANs  KOTOPOTO  BHIMOJNHSAETCS  YCIOBUE
max |w(xe) (fxe) — r(x))| <min ([Rol, M, ..., [Ay - 1)),
HE CYIIECTBYET.

3ameuanue. Teopema Banne — [lyccena nosposser
MOJIyYUTh JJI PCIICHUS ONTHMHU3AIMOHHOM 3a7adu
(2) ouenky cHuzy. Eciam Ay, Ay, ..., Ay - | — 3TO JIO-
KaJbHbIE MAKCUMYMbl Y MHUHHMYMbI  (DyHKIIUU
o(x) (f{x) — r(x)) c yepenyomUMICS 3HAKaMH, TO Ta-
Kasi KOHCTPYKIIMS Ha3bIBaeTCs allbTepHAHCOM Barie —
IMyccena, U ans penieHusi ONTHMHU3AIMOHHON 3a/1a4n
(2) oHa nmaeT He TOJBKO OILIEHKY CHHU3Y, HO U OLICHKY
CBepxy, paBHyto max {|Aol, [Ai], ..., [Ay-i]}.

YrBep:xkaenne 2. Ecin 151 mommHOMA p(X) BBITIONHE-
Hel ycnoBus (3), (4) kputepus UeObiieBa, TO ONTH-
MaJbHOE 3HAYEHHWE I MPABOW YacTH ONTHMHU3AIIN-
OHHOM 3a7a49u (2) paBHO €|, a TIOTHMHOM p(X) SBISETCS
ee perieHrneM (BO3MOKHO, OJHUM U3 MHOTHX).

Hokasamenvcmeo. AnprepHanc Ueoniesa (3), (4)
SBIISICTCSl YaCTHBIM CllydaeM aibTepHaHca Bamme —
[lyccena, mosToMy, corjiacHO YTBepxkIeHuto 1, mpa-
Bas 4acTh ONTHUMH3AIMOHHON 3a1a4u (2) HE MEHbIIE
le|. C apyroii ctopoHsl, max|m(x) (fx) — p(x))| = |el.
CrnenoBarelibHO, MUHUMYM ONTUMH3AIMOHHON 3aja-
yn (2) paBeH |g/, a MOTUHOM p(x) SIBIAETCS OTHUM
U3 €€ PEIICHUMN.

Y1Bep:kaenne 3. CyimecTByeT MOJIMHOM p(X), KOTO-
pBIli OOecrieyrBaeT pelieHne ONTHMH3AIMOHHON 3a-
naun (2). (OTo HMCKIIIOYaeT BapHaHT, KOTJa €cTh IO-
JUHOMBI pi(x) co Bce Oonee u Ooiee yMEHBITAIOIIH-
MUCS 3HaueHUsMH a1 P, = max |o(x) (fix) — pu(x))|,
B TO BpeMs KaKk MUHHUMYM 3TOH BEJIUYHMHBI HUKOIIA
HE JOCTHraeTCsi HA MHOXKECTBE NOJIMHOMOB 3aJaHHOM
CTETICHHU.)

Lokazamenbcmeo.  3HaueHUs] BEIUYMH Py =
= max |o(x) (f{x) — pi(x))| orpaHUYEHBI CHU3Y HYJIEM,
MO3TOMY IS 3HAYEHUH Pj Ha MHOXKECTBE MOJMHOMOB
CYILIECTBYET TOYHAsI HUXKHSA rpanb P. B cooTBeTcTBUM
C ONpEAETCHUEM TOYHOW HMIKHEM I'paHM CYILIECTBYET
MOCIICA0BATEILHOCTD IIOJTMHOMOB pj(X) CTCTICHH 71:

_ 2 n—1 n
pi(X) = a0kt a X tap X"+t a, o X ay X,

i kotopoit lim P,= P npu k — oo. CnenoBaTensHO,
HauuHas C HEKOTOPOTO HoMepa k 3HAYEHHUs MHOTO-
YJIEHOB pi(X) Ha wHTEepBaie [a + J, b — d], Tme & moc-
TATOYHO Majio, OyAyT OTpaHMYCHBI CBEPXY M CHHU3Y
(OT KOHIIOB WHTepBaja MPHUIIIOCH CAENaTh OTCTYII,
9ToOBl y4YecThb Cly4yai, Koraa BecoBas (QyHKIHA
Ha KOHIIaX MHTEpBajia MOXKET OBITh paBHA HYI0). U3
¢dopmynsl Jlarpamxa [1, 2] a5 noJMHOMA CTENCHU 7,
KOTOpBIA B 7 + 1 3aJaHHBIX TOYKAX X; MPUHUMAET
3HAYCHHUS Vi

>y, e

p(x)= :
j=ln+l i=ln+li# j (xj - xl-)

CIIeZlyeT, 4To Korya B n + | (UKCHpOBaHHBIX TOYKax
Xj 3HAUCHHSI TTOJIMHOMA ), OTPAHUYCHEBI CBEPXY U CHU-
3y, TO Kbl 13 K03()PHUIMEHTOB IMOJMHOMA TaKKe
OrpaHUyeH cBepxy U cHu3y. CleoBaTeNbHO, B COOT-
BETCTBUU € Teopemoil bonbuano — BeliepmTpacca
(uHaye Ha3bIBaeMOU JieMMoil Bombiiano — Beiiepint-
pacca) o TMpeAeNbHOM TOYKE, COTIIACHO KOTOPOM
W3 BCSAKOM OECKOHEYHOH OTrpaHMYeHHON IOCIefoBa-
TEILHOCTH TOYEK MPOCTPAHCTBA R MOYKHO BBIICIHTH
CXOJSILIYIOCS] IOJIOCIEI0BATENbHOCTD, B MOCIEI0BA-
TEJIHHOCTH TIOJMHOMOB pi(X) MOXHO BbIOpaTh IMOA-
MTOCJIETOBATEIFHOCTS TTOJIMHOMOB, B KOTOPOM IS Ka-
KJIOTO U3 KOI(PQUIIMECHTOB MOJIMHOMAa MMEETCsl Tpe-
nen. To ecThb WMeeTcsl Takash MOCIEIOBATCIIEHOCTh
TIOJIMHOMOB py(X), UTst KOoTOpoii lim Py= P tipu k — oo,
a y kod(h(pUIMEHTOB MOJIMHOMOB MMEIOTCS TIPEIeihb-

Hble 3HaueHus b;= lim a; ; nipu k — oo.
PaccmoTpum nonmHoM 7(x) ¢ koddpuIUeHTaMu b;:

r(x)=bo+bx+bx*+ ...+ b, X" '+ bx".

IMockonbky b; = lim aj, To 115 M060T0 PUKCHPO-
BaHHOTO  3HAYCHUS X  BBIMOJHUTCS  YCIOBHUE
lim py(x) =r(x) nmpu k — oo, mpuyeM CTpeMIICHHE
K Tpeaeny sBISICTCS PaBHOMEPHBIM Ha paccMaTpu-

HAVYYHOE ITPUBOPOCTPOEHMUE, 2023, Tom 33, Ne 3
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Ba€MOM KOHCYHOM HHTCPBAJIC 3HadyeHui x. U3 HEpa-
BCHCTBaA

max [o(x) (fx) — r(x)] < max |o(x) (Ax) - p))| +

+ max |o(x)| max |#(x) — pu(x)|

ciemxyer, 9to max |o(x) (f{x) — r(x))| = P, T.K. MeHbIIIe,
4yem P, 3Ta BelinyrHA ObITH HE MOXKET, B TO BPEMs KaK
pu k — 0 TIepBOE cllaraeMoe B MPaBoil 4yacTH CTpe-
MUTCS K P, a BTopoe ciaraemMoe CTpEMUTCS K HYJIIO.
DTO O3HAYaeT, YTO I MOJIMHOMA #(X) BemmanHa (2)
JIOCTUTAET CBOEH HUYKHEW IPaHULIbL.

Y1Bep:knenue 4 (teopema YeObimena). [lommHOM
p(x), obecrieunBaromuii penieHne ONTUMHU3AIMOHHON
3agaud (2), yAoBiIeTBOpsieT Kputepuio YeOblmena.

Hoxazamenvcmso. PaccMoTpum mnoBezneHne QpyHK-
muu F(x) = o(x) (x) — p(x)) Ha otpeske [a, b]. dus
YIPOIIEHUS pacCcyXIeHUH OyIeM CUUTaTh, 9TO YHCIIO
MHTEPBAJIOB, HA KOTOPHIX GYHKUMS F(X) MEHSET 3HAK,
KOHEYHO. DTO HE 03HAYaeT, YTO YHCIO Hylned (pyHK-
muu F(x) Takke KOHEYHO — JIOMYyCTUM BapuaHT, KO-
raa ¢pyskaus F(x) paBHa HyIO B 10001 TOUKE HEKO-
TOPOTO MHTEpBAa BHYTpH OTpe3ka [a, b]. IlycTth TOU-
KH V1, V2, ..., Vm PA30UBAIOT OTpPe30K [a, b] HAa m + 1
WHTEPBAJIOB, HA KAKIOM M3 KOTOPHIX (GyHKIHS F(x)
NPUHUMAET MOTIEPEMEHHO TO MOJIOKHUTENBHOE, TO OT-
puIaTeabHOE 3HAYEHHE, TPUYEeM JOMYCTUM BapHaHT,
KOTJa Ha BceM oTpeske [a, b] ¢ynkuust F(x) npunu-
MaeT TOJIBKO IOJIOXKHUTEIbHBIE WM TOJIBKO OTpHIa-
TeJIbHBIE 3Ha4YeHus. Ecnu umeeTcst HenpepbIBHBINA HH-

F
o T |
/

0.5)

-0:5]

TepBaj, LEIUKOM COCTOSIIMH W3 HyJIeH QyHKIUH
F(x), oTOT MHTEpBan MPUCOEAMHSIETCS K COCETHEMY
UHTEPBATY C IMOJOXHUTEIBHBIMU JHOO OTpHULIATEIb-
HBIMH 3HAYCHUSMH (DYHKIINH.

J1J1st ’HTEPBAJIOB C MOJIOKUTEIHHBIMUA 3HAYCHUSMH
F(x) BeIOMpaeM TOYKY C MaKCHUMAaJbHBIM 3HaUYCHHEM
(YHKIIMM Ha 3TOM WHTepBajie (BO3MOXXHO, HE €IHMHCT-
BEHHYIO Ha 3TOM HHTEpBajie), a A HHTEPBaJOB
C OTpHILATENBHBIMY 3HaUeHUSAMHU F(x) BEIOMpaeM TOY-
Ky ¢ MHHUMAaJbHBIM 3Ha4eHHEM (YHKIUH Ha 3TOM
untepsaie. [loaydaem HaOOp TOYEK Vi, V2, - r Viny —
Hynel ¢yHknum F(x), pa30uBaromux oTpe3ok [a, b]
Ha m + | WHTEpBaNOB, A KOTOPBIX (GYyHKUMS F(X)
COXpaHseT CBOW 3HAK, M3MEHsSS €ro IMpH Iepexoje
Yyepe3 rpaHMlly WHTEpBaja, 1 HabOp MPHHAAJIEKAIINX
3TUM HHTEPBAJIAM TOYEK X0, X1, X2, --.y Xmy X + 1, HE
COBIIQJIAIOUINX C KOHLAMH MHTEPBAJIOB, KOTOPBIH CO-
CTOHT U3 YEPEAYIOLIUXCS MONOKHUTETBHBIX MAKCHMYMOB
W OTPUIATETIFHBIX MHUHHMYMOB Ao, Af, A, .oy Ay + |
¢ynxkumn  F(x)  (anprepnanc  Bamne — [lyccena
W TIpUIararomeecs K HeMy pa30ueHue oTrpeska [a, b]
Ha UHTEPBaJIbl, HA KOTOPHIX (QyHKUUs F(X) coxpaHseT
3HAK).

IMycts A = max |A\|. Ecnn Ha kakoM-TO MHTEpBaje
MaKkCHMyM paBeH A, a Ha cocemHeM (TOCIeqyroIeM
WIN TIPEIIIECTBYIONIEM) HHTEpBaje MOAYJIb MHUHU-
MyMa MEHBIIE A, TO 3TOT UHTEPBaJ BMECTE C IMOCIe-
OYIOUIMM WHTEPBAJIOM C IIOJIOKUTEIbHBIM MAaKCUMY-
MOM, HE3aBUCHUMO OT €T0 3HAYEHUS, IPUCOCAHHSIETCS
K TEKyIIeMy WHTepBaiy (CM. puc. 2, a).

Puc. 2. O0beAnHEHNE OTPE3KOB C YePEAYIOIIMMHCST MAKCUMyMaMi 1 MUHHUMYMaMH.

a — ciIyJail OTMHOYHOTO MUHIMYMA I HECKOJIBKHX MOCIEJ0BATEIBHO PACHIONOKEHHBIX MUHIMYMOB, KOTOPBIC
JIeKaT BBIIIE MUHUMAIBHOTO ypOBHS (QyHKINH F(x); 6 — ciy4ail OIMHOYHOTO MaKCUMyMa MJIM HECKOJBKHX MO-
CJIEZI0OBATENEHO PACIIONOXKEHHBIX MAKCHMYMOB, KOTOPBIE JISKAT HIDKE MaKCUMaJIbHOTO YPOBHS (DyHKIMH F(X).
BepTukanpHbIMU CTpEIKaMU OTMEYEHBI MUHMMYMBI M MaKCHUMYMBI, KOTOPBIE COOTBETCTBYIOT MaKCHMaJIbHOMY
OTKJIOHEHUI0. HaKJIOHHBIMU CTpeJIKaMU OTMEYEHbl MUHUMYMBI 1 MAaKCUMYMBI, KOTOPBIE 110 MOAYJIIO MEHBIIIE MaK-
CHUMAJBHOT'O OTKJIOHEHHUS, TaK 4TO Ipauk (pyHKINU MOKHO CABHHYTh BHHU3 WJIM COOTBETCTBEHHO BBEPX Ha HEHY-
JIEBOE PACCTOSIHHME, HE BBIXOJS 33 TPAHUIIBI MAKCHMAJIBHOTO OTKJIOHEHHA. JKUPHBIMH TOYKaMU OTMEUYCHBI HYJIH
¢byukuun F(x), sBIsIonecs: rpaHuiieil KOMOMHUPOBAHHOTO MHTEPBaja CO CTPOrO IMOJIOKUTEIbHBIMU JIHOO CO
CTPOTO OTPUIATENHHBIMIA MaKCUMATbHBIMHU OTKJIOHEHUSIMH (YHKIMN F(x)
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HoBeblif mHTEpBan o6inazaeT TeM CBOWCTBOM, 4YTO
3 ¢yHKIEHA F(X) MOXHO BBIUECTh TaKylO ITOJIOXKH-
TEJIbHYI0 KOHCTaHTY, YTOOBI TIOJOKUTEILHBI MaKCH-
MyM (YHKIIMM Ha WHTEpBalie YMEHbBINHUICS, HO NpPHU
3TOM a0COJIIOTHOE 3HAYCHHUE OTPHLATENLHOIO MUHH-
MyMa (QYHKIMH HAa WHTEpBaje HE HACTOIBKO yBEIH-
YHUJIOCh, YTOOBI MPEBBICUTH HOBBIH MaKCUMyM (DyHK-
M.

To4HO Tak ke eciii Ha KakOM-TO HWHTEpBaJie MU-
HUMYM PaBeH —A, a HA COCEAHEM WHTEpBaJic MaKCH-
MYM MEHBIIE A, TO 3TOT MHTEPBaJ BMECTE C IOCe-
IOYIOLUIMM MHTEPBAJIOM, COACPKAIUM OTPHULATEIbHBIHN
MUHHMYM, TPUCOEAUHSICTCS K TEKyIIeMy HWHTEpBaTy
(cM. puc. 2, 6). B 3TOM cinydyae Ha MOJYyYEeHHOM HWH-
TepBasie K QyHKOUK F(X) MOXXHO TPHUOABHTH TaKYyIO
MOJIOKUTENIbHYI0 KOHCTAaHTY, YTOObI YMEHBIIMIOCH
abCONIOTHOE 3HA4YeHUE OTPHLATEIBHOTO MHUHHMYyMa
Ha UHTEpBaje, HO IPU 3TOM HE HACTOJBKO YBEJINYMJI-
Csl TIOJNIOKUTENBHBI MakcUMyM (YHKLIMH Ha WHTEp-
BaJie, YTOOBI OH CTaJl 00JIbIlIEe a0COIIOTHOrO 3HAYEHUS
HOBOTO MUHHMYMaA.

B xoneunoM wrore Ha wmHTEpBaie [a, b] musa 3a-
JTAHHOTO ITOJIMHOMA p(Xx) Oymer momydeH Habop u3 N
WHTEPBAJIOB WM TNPHHAIISKAINIUX MM TOYEK Xo, X1,
X2, ..y Xy—1 C UEPEAYIOIIUMHCS  IOJIOKHUTEIbHBIMU
MaKCUMyMaMH M OTPULATEIbHBIMH MHHUMYMaMHU
¢bysxum F(x), paBHBIMA A, T A = max |o(x) (fx) —
—p(x))|. Ecnu N Gonpiie nnu paBHO # + 2, TO Takol
MOJTMHOM p(X) YyIOBIIETBOpseT Kpurepuio YeObrmeBa
U, B COOTBETCTBUHU C YTBepkaeHueM l, Oyner perue-
HUEM ONTHMU3AINOHHON 3a1a4u (2).

[Tycts N Mensbe wiu paBHo # + 1. Ha stane 00b-
€/IMHCHUSI MHTEPBAJIOB ObUI TOJIY4YeH HA0OP TOYEK ),
V2, ..., VYn—1 (TpaHHLBI HMHTEPBAJIOB), B KOTOPBIX
¢yHkuus F(x) oOpamaercs B HOJIb U MEHSET CBOM
3HaK. DTH TOYKHM pa3OWBaioT WHTEpBan [a, b] Ha HH-
TepBajbl MEHBLIETO pa3Mepa, Ha KaKJOM U3 KOTOPBIX
UMeEeTCsl TOYKa C YEOBIINIEBCKUM MUHHMYMOM WIIH
4eOBIIIEBCKUM MAaKCUMyMOM. Takke HMMEIOTCS KOH-
CTaHTHI O; > 0, KOTOpBIE MOKHO BBIUUTATH U3 (PyHKIMH
F(x) Ha uMHTepBaJlaX C IOJIOKUTEIBHBIMH MaKCUMY-
MaMH WIXA NpUOaBIATh K QyHKIMH F(X) Ha WHTEpBa-
Jax ¢ OTPHUIATEILHBIMH MUHHMYMaMH, YMEHbIIast
Ipyd 3TOM MUHHMAKCHYIO HOPMY Ha COOTBETCTBYIO-
IeM HHTEepBaJe.

Be3 orpannueHust 0OIIHOCTH MOXKHO CUHMTATh, YTO
Ha MepBOM HHTepBase QYHKUUS F(X) NpUHUMAET Io-
JIOXKUTEJIbHBIE 3HAUEHHsI, — KOI'ZIa 3TO HE TaK, MOXKHO
W3MEHHTH 3HAaK OJJHOBPEMEHHO Y QYHKUHMH f{X) U y TO-
JIMHOMA p(X), He MEHSIsl OITHMHU3AIIMOHHYIO 32124y (2).

Paccmorpum dyskmmro Q(x), KoTopas mpeacTa-
nsieT co0OW TPOM3BEJICHUE IIOJIMHOMA CTENCHH He
BBIIIIC /7 U BECOBOM (PYHKIIUU ®(X):

Q(x) = o(x) ()1 =) (2= %)...(n-1—%).

OyHKIms Q(x) cTPOro MojOXKHUTENbHA HAa TE€X MHTEP-

Bajax, Ha KOTOPBIX HMMEETCs 4YEOBIIIEBCKUI MaKCH-
MyM (yHKIUH F(X), ¥ CTPOTO OTpUIATEeNIbHA HA TeX
WHTEpBaJiax, Ha KOTOPHIX UMEETCs YeOBIIIEBCKUIT MU-
HumMyM GyHKmuE F(x). Ecam BbrdecTs w3 (QyHKIUH
F(x) pyHkumro s€(x) ¢ 10CTaTOYHO MajbIM MOJIOKH-
TEJEHBIM MHOXHTEINIEM § (HalpHUMep, MOXKHO BBIOPAThH
s =(8/R), rae R = max |Q(x)|, a d = min J; > 0), 3TO
Oe3omacHeIM 00pa3oM YMEHBIIUT I0JIOKUTEIbHbIC
MaKCUMYyMbI QYHKUIMHU F(X) 1 YMEHBIIUT OTPHLIATEIb-
HbIE MUHUMYMBI (QYHKIUH F(X), TEM caMbIM yMEHb-
mMB BennuuHy max |F(x)|. CremoBaTelabHO, TaKou
TTOJIMHOM p(X) HE MOXKET OBITh PEIICHUEM IS OITH-
MH3AIMOHHON 3a1aun (2), MMOCKOJIBKY MOXKHO IIOJIY-
YUThH €IlIe MEHbIIIeE 3HAUYCHHUE JIUI max |F(x)| mpu 3a-
MEHE TEKYILIETO MOJIMHOMA p(X) CTENEHH /1 Ha HOBBIM
MOJINHOM 7(X) CTEIICHH 71

G(x) = F(x)— (3/ R) Q(x) =
= 0(x) (Ix) —p(x)) = 6/ R) o(x) (1 —x)...(»y-1—X) =
= ox) (x) = p(x) =B /R) ()1 = x)...0w-1-x)) =
= o(x) (flx) — r(x)),

max |G(x)| < max |F(x),.

BriBOA: ONTHMANIBHBIM IOJIUHOM CTENEHU 7, pac-
CMOTpEHHBIH B YTBepXkAeHHH 2, 00s3aH yJIOBIECTBO-
psTh KpuTepuio YeObimena.

YT1Bep:kaenue 5. [TonmuHoM p(X), yAOBIETBOPSIOMINN
KpuTepuio YeOplmeBa M 00eCIeUnBaOMINI pelIeHne
ONTUMM3ALUOHHON 3afauu (2), sBIsETCS CIUHCTBEH-
HBIM.

Lokazamenvbcmeo. Vnes nokazarenbCTBa 3aUMCT-
BoBaHa u3 [7, 8]. Ilycts umeroTcs nBa monmHOMa p(X)
U ¥(X) CTENeHH 71, KOTOPbIE ABISIOTCSA PELICHUEM OIl-
THUMHU3AIMOHHON 3amaun (2). Jas BBIPOXKIEHHOTO
ciy4as, Jiasi kotoporo max |o(x) (fix) — p(x))| = 0
1 max |o(x) (fix) — r(x))| = 0, TOTHKHBI BBITOIHATHCS
yenoBus f{x) — p(x) = 0 u f{x) — r(x) = 0, — 4TO O3HA-
qaer, 9To p(x) = r(x). [loaTomy Oyem cauTarp, 4TO

max [o(x) (fx) - p(x))| = max |o(x) (fx) - r(x)] >0,

TakK 4To y BeIpakeHu#l o(x) (fx) — p(x)) u o(x) (fx) —
— r(x)) Ha vHTEpBanNe [a, b] UMEIOTCS HE paBHBIEC HYITIO
MaKCUMYyMbl 1 MUHUMYMBI.

B coorBercTBUM ¢ VYTBepkIeHUEM 3, KaKIblil
U3 MOJMHOMOB p(X) U 7(X) YAOBIETBOPSIET KPUTEPUIO
UeOnimeBa, npuieM 3HadeHHe € # 0 UIT HUX OJHO
u 10 *e. IlycTth x1, X, ..., X, +2 — ITO YEOBIICBCKUE
TOYKHM YKJIOHCHHUS C YEPEIyHOIIUMHUCST MAaKCUMyMaMHU
M MHHAMYyMaMH, paBHbIMA €, I (QYHKIUU
F(x)=o() (fix) — p(x)). Ecmn mist momuHOMaA 7(X)
¢ysakus G(x) = o(x) (fix) — r(x)) npuHUMAET B TOY-

HAVYYHOE ITPUBOPOCTPOEHMUE, 2023, Tom 33, Ne 3



YUCJEHHBIA AJITOPUTM 79

Kax X1, X2, ..., X +2 T€ K€ caMble 3HaUEHHs L&, KpoMe,
MOXeT OBbITh, OJJHOM TOYKH M3 3TOTO CITHCKA, TO IO-
JUHOMBI p(X) U r(X) TOXKIECTBEHHO PaBHBI APYT ApY-
ry. JIeliCTBUTENIBHO, B 3TOM Clly4ae pa3HOCThb

d(x) = F(x) - G(x) =
= o) (fix) — p(x)) - o) (fx) - r(x)) =
= o) (r(x) - p(x)), )

KOTOpasi MpeAcTaBiIsieT co00il MpoM3BEACHUE IOJIO-
KUTETHHON BECOBOM (PyHKIIMH m(X) ¥ MOJTUHOMA CTe-
NICHH HE BBIILE 71, OOpalaeTcs B HOJb B 71 + 2 TOYKax
WK, B KpaifHeM citydae, B # + 1 Touke, — U MOITOMY
MONMMHOM 7(x) — p(x) 00s3aH OBITH TOXIIECTBEHHBIM
HyJIeM, TIOCKOJIbKY HHaue He OOBSACHUTH HAIWYHSA
y HEro TaKoro KOJHMYEeCTBa HyJeW (BecoBas (PpyHKIHS
®(x), maxe ecnu oHa oOpamaeTcsi B HOJNb HA KOHLAX
uHTEepBaia [a, b], He paBHA HYJIIO B TOYKAX MUHUMY-
MOB U MaKCUMYMOB (pyHKIMHU F(X)).

[MycTs cpean ueOBIIEBCKUX TOYEK YKIOHEHHS X1,
X2y +ees X+ I QYHKINU F(X) IMEIOTCA XOTSI OBI 1B
TOYKH X U Xi+ , B KOTOPBIX 3HauUeHHe QyHKIHH G(x)
HE COBMANaeT co 3Ha4YeHWeM (yHKIuu F(x) B 3THX
TOYkax (MHHMMYMOM JIMOO MakCHMyMOM (YHKLWH
F(x)). TpeGyercs moka3aTb, YTO B TaKOM Ciydae
BHYTpU WHTEpBAaNa [Xj, Xi+,| HalAeTca Mo KpakHel
Mepe ellle OJ[Ha TOYKa, HE COBIAJAIoNmasl ¢ TOUYKaMU
X1, X35 -+.s Xy+2, B KOTOPOU 3HAUEHUs GyHKIMA F(x)
u G(x) coBmamaroT (XOTA, BO3MOXKHO, B 3TOH TOYKE
obmee 3naueHue pyHkuui F(x) m G(x) U HE paBHO
+€), — a cienoBarenbHo, Y QyHKIUU d(X), 3aJaHHON
dopmymoit (5), UMeeTcs TOTOTHUTENBHBIN HEYYTEH-
HBIN HOJIb.

Eciau B Kakod-TO TOYKE X; BBIIOJIHEHO YCIOBHE
d(x;) # 0, To 3HaK pa3sHOCTH d(X;), 3aaHHON (popMy-
noii (5), copmaznaer co 3HaKoM F(x;). JlelicTBUTENBHO,
€CJIM X; 3TO TOYKA OTPUIATENBHOIO MUHUMYMa (YHK-
uun F(x), To G(x;) = F(x;), a ecim Xx; 9TO TOYKa I10JI0-
JKUTEIBHOTO MakcuMyma byHKIUH F(x),
T0 G(Xj) < F(x;). Ecim

d(xk) #0, d(xk+ 1) =0, d(xk+2) =0,..., d(karm—l) =0,
d(xp ) %0, ©

1o Beipakenns (—1)* F(x) n (<1)*"" F(x;+ ) uMeioT
OJIMHAKOBBIC 3HAKH W, CIIEJOBATEIHLHO, OJWHAKOBBIC
3HaKM UMEIOT BbIpaskeHust d(x;) u (—1)" d(xy+ ). Cie-
JIOBaTeNIbHO, YETHOCTh YKCIa MepeMeH 3Haka (yHK-
WU d(x) HAa UHTEPBANE [Xt, X)+ ] COBMANAET C YETHO-
CTBIO YHCJA M, @ TEM CaMbIM M YETHOCTh YHUCIIA KOP-
Hell (C ydeToM WX KpaTHOCTH) ansi (pyHKIuU d(x)
HA WHTEPBAJEC [Xy, Xi+ ] COBIAACT C YSTHOCTBIO YHC-
ma m. CormacHo (6) y dyHKknnu d(x) Ha HHTEpBAIE [X4,
X +m| AIMEETCSI KaK MUHUMYM m — | He paBHBIX JIPyT
IpyTy KOpHEH W, clefoBaTelbHO, OO ITOJDKEH Cy-
IIECTBOBAThH €Ille OJHH KOPEHb, IN00 OJHWH U3 KOpHEH

Xk+1s Xk+25 +v» Xk+m—1 IMEET YETHYIO KPAaTHOCTh, KaK
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MUHUMYM paBHyIO AByM. [lpoxenaB 3Ty omeparuro
JUISE. BCEX WMHTEPBAJIOB, OTPAHUYCHHBIX TOYKAMH Xy
C HEHYJICBBIMH 3HAUYEHUSMU d(X)), TOIYYUM, UYTO YHC-
J10 KOpHel GyHKImK d(x) Ha uHTEepBajie [a, b] ¢ yue-
TOM KpPaTHOCTH KOpHeH OyneT He MeHble, 4eM n + 1.
CrnenoBatenbHo, B popmyie d(x) = o(x) (r(x) — p(x))
MOJTMHOM 7(X) — p(X), IMEIOIINI CTETeHb HE BHIIIE 7,
00s13aH OBITh TOXKICCTBEHHBIM HYJIEM.

AJITOPUTM KOHCTPYUPOBAHUA
MHUHUMAKCHOH ITIOJIMHOMMWAJIBHOU
AINIMPOKCUMAIINU @ YHKIINN

U3 kputepuss UeOblmeBa ayii MUHHMAaKCHOM arr-
NPOKCHMAalH (DYHKIHUW BBIBOJUTCS AITOPUTM YHC-
JICHHOTO TOCTPOSHHS ANMPOKCHMHUPYIOIIUX IOJIUHO-
MOB, KOTOPBIH MpENCTaBJIsIeT CO00H W3MEHEHHBIN
u onTUMHM3WpoBaHHEIN anmroput™m E.f. Pemesza [18-
22]:

1. Tlpou3BoNbHBIM 00pa3oM BBIOMpAcTCs HaYalb-
HBIH HA0Op Touek Xxo < x; < Xp < ...< X+, IPUHAATIC-
Kamux uHTepBany [a, b]. Ecnu BecoBast QyHKIus
o(x) obOpamaercss B HOJb B TOYKE X = @, HEOOXOIMMO
o0ecreunTh BHINOJIIHEHHE YCIOBUS a < Xy. Ecau Beco-
Basg QyHKIHA (x) oOpamraercs B HOJb B TOUKE X = b,
HEOOXOOMMO OO0ECHEeUnTh BBIIIOJIHEHHE  YCIIOBHS
Xo < b.

2. Hns texymero Habopa Toyek a < Xo < X <
<x3<...<X,+1 < b KOHCTpyHUpYyeTCS BCIIOMOTATEIb-
Has pyHKHs g(x) = af(x) — p(x), rae a 3T0 HEKoTOpas
KOHCTaHTa, a p(X) — TOJMHOM CTETIeHH 7 C HEKOTO-
peiMu kK03 prunmenTamu. CBoOOHBIE KOI(DPHITIEHTHI
¢GyHKIMM g(x), T.6. MHOXHTENb ¢ U KO3(PPUIUCHTHI
momHOMa p(x), BHIOMPAIOTCS TaK, YTOOBI OBLIM BBI-
nonHeHs! ycnoBust o(x)g(x) = (-1 mpu k=0, 1, ...,
n+ 1. Takas GyHKIHS CYIMIECTBYET W OMPEISIACTCS
€JIMHCTBEHHBIM 00pa3oM (CM. jaiee).

3. Teneps HamO OMpEAETUTH KOPHU anredpamnde-
cKoro ypaBHeHHsA g(x) = 0, KOTOpble HaxXOIATCS Ha
untepBaie [a, b]. Tlockonbky Ha Kpasx HHTCPBAJIOB
[xk, Xg+1] 3HaueHus ¢yHKIMU g(X) WMEIOT pasHbIE
3HaKM, TO BHYTPH KaXXJJOTO TaKOr0 MHTEpBaia Cylle-
CTBYET IO KpaHeH Mepe OJHMH KOpPEHb ypaBHEHMS
g(x) = 0. Ecnn ¢ynkuus f{x) MeHsieTcs AOCTaTOYHO
MEJIEHHO, TO Ha KaXIOM W3 MHTEPBAJIOB [Xp, X+ 1]
MMEETCsl POBHO OJWH KOPEHb KPaTHOCTH EAWHUIIB,
a YHCIEHHOE OIpeJelieHue ATHX KOpPHEW He Mpej-
CTaBJsieT TpyaHOCTH. Ecnu e 310 ycnoBue Hapymia-
eTCsl U Ha paccMaTpUBAaEMOM WHTEpBaje HMEEeTCs He-
CKOJIBKO KOpHEH, Bce 3TH KOPHU JOOABISIOTCS K CIIH-
CKy (KpaTHbIe KOpPHHU C YETHOH KpaTHOCTBIO, AJS KO-
TOPBIX 3HA4YeHHS (QYHKIUH g(Xx) 0 00e CTOPOHBI OT
KOpHSl MMEIOT OJUH W TOT K€ 3HAaK, B CIIMCOK HE
BKItodatotcst). [lo 3aBeprieHHMH padOTBl MO TOUCKY
KOpHEH K CITUCKY 3HaYeHHH a < y; <, < ...<y, <b,
SBJISIFOIUXCS. KOPHSIMH HEUETHOW KPATHOCTH (PYHK-
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U g(x) Ha mHTEpBate [a, b], JOOABIAIOTCS HAYAIO
Y KOHEIl MHTEPBAJIA Yo=a U Vy+1 = b.

4. Tenepp wmHTepBan [a, b] mpencraBisier coOOi
COBOKYITHOCTh HE MEHee YeM # +2 HHTEepBaJIOB
[V Vi+1], KOTOpBIE COTPUKACAIOTCS CBOMMH KOHEY-
HBIMH TOYKaMH, NpPUYEM Ha KaXJOM HHTEpBaie
¢byHKIES g(X) COXpaHSeT 3HAK, a MPH IepecedeHru:
TpaHMLBl MEXIy MHTEpBalaMH 3HaK (DYHKIHMU MEHs-
ercs. Paccmorpum dyukmuo G(x) = o(x) g(x), koTo-
past Ha uHTepBaie [a, b] MpUHUMAET 3HAYEHUS TOTO
JKe 3HaKa, uTo U QyHKuus g(x). Harimem st GyHKIUM
G(x) Ha KaXKIIOM UHTEPBAIIC X € [Vk, Vi+1] TIIO0ATBHBIH
(mms paccMaTpuBaeMoro HWHTEpBaia) IKCTpemMyMm Gy
U TOYKY Zx € [Vi Vk+1], B KOTOPOH pacroynioxKeH 3TOT
skcTpeMyM. [l HMHTEpBAJOB C TOJOXHUTEIHHBIMHU
3HadeHHAMH ¢GyHKIuH (G(x) HAJO HWCKATh ITOJIOKH-
TEJIHBIA MaKCUMyM, a Ul HHTEPBAJIOB [Vi, Vi+1]
C OTPHLATECILHBIMH 3HAYCHUSMH (YHKIUH — OTPH-
LaTeIbHBI MUHUMYM.

5. Ecim umcno wHalpeHHelx Touek Gy = G(zp),
Zx € Vi Vi+1] € UepeAyIOMIMMUCA 3HaKamMHu OoJbIIe
n + 2, He0OXOUMO HCKITIOUNTD JIMIITHKE TOYKHW. J[s
3TOTO BBHIOMpAeTCs HaMMEHbIIEE M0 MOAYNIO 3Haye-
Hue Gy Ecnu mHTEpBan ¢ 3TMM 3HAYEHHEM MEPBBIN
00 MOCeaHNH B ciucke, 3HaueHue Gy ¥ COOTBETCT-
BYIOILIAsl 3TOMY 3HAYCHMIO TOYKA Zz; OTOPACBHIBAIOTCS.
Ecim naTepBan ¢ 3TMM 3HaYEHHEM HAXOTUTCS B cepe-
JUHE CIIMCKAa, Hag0 MPOBEPUTH MNPEAECTBYIOMNI
W TOCIIEAYIOIIUI WHTEPBAJIBI U OTOPOCHTH HE TOJIBKO
paccMarpuBaemMoe 3HaueHue Gy, HO TakKe M TO U3 ABYX
cocennux 3HadeHut Gy_; U Gj+y, KOTOpoe Oyner
MEHbIIE N0 MOIYJII0. J[eHCTBUTENBHO, 3HAKM 3Haye-
HUi Gy ¥ Gy 41 MPOTHBOIOJOXKHBI 110 3HAKY 3HaYe-
Huio Gy, a T.K. U3-3a yAaJeHHs U3 CrIMcKa 3HadeHus Gy
JBa 3HAYCHHWS OJHOTO 3HAaKa OKAaXYTCS PAIOM, TO
u3 nByX 3HaueHut Gy+1 U Gjy_| OJHO Haj0 OTOpO-
CUTh. BaxHO: IOCKOJIBKY Ha KaXKIOM LIare yaajusercs
oJlHa JINOO JBE TOYKH, TO €CTh PUCK M3 1 + 3 TOUEK Zj
MONy4uTh cpa3dy n+ 1 Todek, BMecTo TpeOyeMbIxX
n+2 TOYEeK, — B 3TOM Cllyyae CIEAYyeT OCTaBHUTb
Touky G B CHHCKe, a BMECTO Hee yIaluTh Ty U3 Ha-
YaJbHOM M KOHEYHOM TOUYEK, KOTOpask MEHbIIE 10 MO-
nymo. IIpomecc mpomomkaercsi, IOKa B CIIHCKE HE
okaxkercss n + 2 skcrpemyMoB Gy = G(z;), KOTOPBIM
COOTBETCTBYIOT /1 + 2 TOUYEK z; C YeperyIOIIHMUCS
MOJIOKUTEIIbHBIMI MaKCUMYMaMH U OTPHULIATEIbHBIMU
MUHUMyMamMu QyHKIuu G(x) = o(x) g(x).

6. JIns mMeromerocs CImckKa To4ek a < zp < z; <
<z < ...<z,41 < b paccmoTpuM OoJiee BHUMATEIHHO
3HaYeHHs SKcTpeMyMoB Gr= o(z) g(z0) = (—1)'es
Ecnu B mpejenax 3ajlaHHOW TOYHOCTHU €; = 1, TO moO-
JIMHOM, YIOBJICTBOPSIOLINNA TPEeOOBAaHUAM KpPUTEPHS
YeoOwena, HaiaeH. [Ipu sToMm u3 Teopembl Bamie —
Ilyccena o Hammydmem MpuOMMKEHHH (YHKIHH TI0-
nuHOMaMu (YTBepkaeHue 1) ciemyer, YyTO TOYHBIH
ONTHMYM JUIS 3a/a4d (2) JEeKUT B AUANA30HE MEXKTY
min |g; / a| 1 max |g; / a| (Tae a ’TO MHOXXHTEJb B BbI-

pakenuu g(x) = a-f(x) — p(x)). Ecinu e ycnosue g ~ 1
HE BBITMOJIHEHO, 3aMEHsIeM NPOOHBIE TOYKU a < Xxo <
<x << ...<x,r1<buHaTOUKM a <z <z <z <
...<z,+1 < b u BO3BpaIaemcs K wazy 2.

7. Ocraercs HOpMHUpOBaTh (yHKIHMIO g(x) =
=af(x) — p(x) Tak, 4ToObI KO3 duUIUeHT Npu PyHK-
muu flx) cran paBeH eauHUNE. Takas HOPMHPOBKa
BCETJa OCYIIECTBUMA, ITOCKOIBKY KOIPPHUIIUCHT a He
MOJeET ObITh HYJIEM, — MHAYE OKAXETCs, YTO UMEETCS
OTIIUYHBIA OT TOXXJIECTBEHHOTO HYJIA IMOJUHOM p(X)
CTETICHH 71, Y KOTOPOro ecTh n + | KOpHeH, Haxo[s-
HIUXCS MEXKAY COCETHHUMH MaKCHMyMaMH U MUHHMY-
MaMH Pa3HbIX 3HAKOB B KOJHYECTBE 71 + 2 IITYK.

OueBUIHO, YTO €CIH TOT AITOPHTM CXOIMUTCS, TO
OH CXOJUTCS K TOJIMHOMY, YJIOBJIETBOPSIONIEMY KpH-
Teputo YeOplleBa, 1 TeM CaMbIM pPe3yJbTaT paboThHI
ITOPUTMA SIBISCTCSI PEUICHUEM ONTUMH3alMOHHON
3amaun (2), MpUYeM EAMHCTBEHHBIM TAaKUM pEIICHH-
eM. TeopeTndecku ajqropuT™M CXOIHMTCSI BCETna, MpH-
9eM CO CKOPOCTBIO T€OMETPUYECKOI IPOTpeccuu: s
0001 HEMpPEePHIBHOM BECOBOH (DYHKIMU M AJIS H000i
cTernieHn n HanmyTcs Takwe yncaa C > 0w 0 <A <1,
JUIS1 KOTOPBIX

max [o(x) (a/(x) - p)| < 1 + CX,

re i 3TO HOMep uTepauuu. JlokazaTenbCcTBO aHajo-
TMYHO  JIOKa3aTeNbCTBY CXOIUMOCTH  alropuTMa
E.A. Pemesa B monorpaguu [20]. K coxanenuto, us-
3a OMMOOK OKPYTJICHUS aJTOPUTM MOXKET PaCXOAHUTh-
cs g "mmoxux" ¢yHkumit fix) 1 ©(x), — a UMEHHO
s QyHKIMH, KOTOphIE HE MEHSIOTCS MEeNJICHHO
Ha UHTEpBaje [a, b], a BMECTO 3TOT0 AEMOHCTPUPYIOT
MHOTOUYHUCIIEHHBIE OCHWUIALMU, TaK YTO IS HHX
umeercsi 0ojee OAHOTO KOpHS Ui MHTEPBAJIOB [Xy,
Xk+1] MK GoJIee OHOTO JIOKAJIBHOTO MaKCUMyMa W
MHUHUMYMa IS WHTEPBAIOB [Vi, Vi+1]. B Takux ciy-
Yasgx aJIrOPUTM MOXET BBIIOJHITH OECKOHEUHBIN
UK, (DaKTHYECKH TEPeKTIovasch MEXIy OJHUM
U TEM )K€ CIHMCKOM TECTHPYEMbIX MOJMHOMOB. Takoe
MOBEICHUE AaJTOPUTMa CJIEAyeT KOHTPOJIMPOBATh
BPYUHYIO, 3a/1aBasi MaKCHUMaJbHOE KOJIMYECTBO IIHK-
JIOB, KOTOpPOE pa3pelieHo BBINOIHUTH. [pyrum rmo-
JIE3HBIM KPUTEPHEM IS MpeKpamieHns paboThl airo-
pUTMa, TOMAaBIIET0 B OCCKOHEUHBIA LUK, MOXET
OBITh TIpOBEpKAa BO3pACTaHWS Ha OYEPETHOM IIare
pa3bpoca MexIy MakCUMyMaMH U MHHUMYMaMH tgj,
HalICHHBIMA Ha WHTEpBAJIAX [Vi, Vi+1], IO CpaBHE-
HUIO C 9TOH BEIMYMHOM I/ NpeblAyIIero Iiara.
Takxe ™OMO3PUTENBHBIM MPU3HAKOM, CHTHAJIU3H-
PYIOLIMM O 3alMKIMBAHUHU aJrOPUTMa, MOXET OBbITH
perynspHoe BO3HUKHOBEHHE CUTYallMH, KOTJIa Ha wia-
2e 5 ipu "anctke" Touek Gy HA KAKOM-TO II1are B CITH-
CKE€ OKa3bIBaeTCAd MEHbIIE 4YeM 71 + 2 TOYKH M BO3HH-
KaeT HEOOXOAMMOCTh CJIeNaTh IIar Ha3aj, yAaluB
MEPBYIO WU IMOCIEAHIO TOUYKY, — BEJAb JaxXe €Cln
ONTUMAILHBIM MHOTOUJIEHOM p(X) ABISETCS TOXKAECT-
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BEHHBIM HOJb (HampuMmep, Takasl CUTyanusi BOZHUKAET
MpU TIONBITKE anmpoKcHManuu Ha uHTepBane [0, 1]
MHOTOWIEHOM KOHeuHo# crereHn (yHkimn sin(1 / x)),
TO, COTJIACHO YTBEpXKICHHIO 4, BCe PaBHO JOJDKEH
CYyIIIECTBOBAaTh HA0Op W3 n + 2 TOYEK z;, KOTOpHIC
(dopmupytoT anbTepHaHc YeObiesa.

Tak kak BecoBasg QyHKIUS ®(x) HA KAaKOM-TO M3
KOHIIOB WHTEpBaia [a, b] MOXeT oOpamarbes B HOJIb,
TO JUIS BBINIOJHEHMS waea 2 TOTpPeOyeTcs, YTOOBI
npoOHBIE TOYKH, BhIOMpaeMble Ha wiaee 1, nexanu
CTpOTO BHYTpH HHTepBana [a,b]: a < xy < x; <
<x; <..< X1 < b. MoxHO yOEmWUTBCS, YTO €CIu
o(a) =0 mbo w(b) =0 u mpu 3ToM a <xy < x; < x; <
o< Xpi1 < b, TO yeTOBHE @ < Xp < X; < X3 < ... < Xpep <
< b coxpaHHUTCS AJs BCEX MOCIENYIOIIUX HTepauui,
T.K. TOUKH z; Ha waee 6 Takxke JOJKHBI OYIyT YIOB-
JIETBOPSATH YCIOBUIO @ <z <z} <z, <...<z,:1<b.

Jnst BeIYMCIHEHUS KOXQQHUIMEHTOB Ha wiace 2
HEeJb3s NMPUMEHSTH SIBHOE PELICHUE CHCTEMbI JHHEH-
HBIX YpaBHEHMH aJs1 HaxoxAeHHs Ko3()(UIHeHToB
¢yskmm g(x) = af{x) — p(x), TOCKOIBKY O00YCIIOB-
JICHHOCTh MAaTpWIbl JMHEHHBIX ypaBHEHUH (3a uc-
KIIFOYECHHEM IIePBOTO CTOJOIA, COBMAJAIOIIAs ¢ MaT-
puuei Banagepmonna) ObIcTpo pacTeT ¢ yBeIMYCHUEM
CTEIICHH TIOJIMHOMAa — B pe3yJIbTaTe Mallble OIMUOKH
OKpYTJIEHHUs] YuCell C IUIAaBaloOIeH TOYKOH NpUBOAST
K COBEpIICHHO HEYJIOBJICTBOPUTEIHHBIM 3HAUCHHIM
JUTSE HEM3BECTHBIX KodddurrentoB. OauH U3 padoTo-
CHOCOOHBIX CIIOCOOOB HAXOXKACHUS MCKOMOH (hyHK-
muu g(x) = af{x) — p(x) HA waee 2 COCTOUT B CIle-
ayromeM. M3 yemosuit p(x) = aflx) — (1) / o(xp),
KOTOpBIE pPaBHOCHWIIBHBI  ycIOBHSIM  ®(xy) (af{xy) —
—p(x)) =D, mpu k=0, 1, ..., n no popmymne Jla-
rpamxa” [1, 2] HaxoaaTcs KO3 UIMEHTH TOJINHOMA
p(x), KOTOPBI B 3aJaHHBIX TOYKax X; MPUHUMAET 3a-
JAaHHBIE 3HAYeHHA. JTH KOd(PUIMEeHTH OyayT mpea-
CTaBIATh COOOM JMHEHHBIC BBIPAXKEHHUsI CO CBOOOI-
HBIM K03 dunenTom a. [locne 3Toro miist ypaBHEHHS
() (@fix) —pep) = ()" mpu k = n+ 1, xoTopoe
MpeCTaBIsAeT coO0M JMHEWHOE YpaBHEHHWE OTHOCH-
TEJIBHO TIEPEMEHHOHN @, HaXOAMTCSl HEM3BECTHBIH KO-
3¢ UIUCHT a.

Hpyroii, 6omee 3¢ pexkTUBHBIN crocod ompenerne-
HUsl KoadduunenTa ¢ u K03QOUIHEHTOB MOIMHOMA
p(x), o7 KOTOPBIX Ha waee 2 OyAyT BBIIOIHEHBI yC-
JIOBUS

o(xy) (aflx) — pla)) = (fl)k mpu k=0, 1, .., n+1,

COCTOUT B clenyromeM. JIisi BBIMOTHEHUS PAaBEHCTB
— P
plxr) = aflxy) — (=1)"/ ®(x;) Mo cxeMe KOHEUHBIX pas3-

Bmecto siBHOW ¢opmynbl Jlarpamxka, 0coOEHHO mpU
60J'IBI_HI/IX CTCIICHAX ITOJIMHOMOB, yIIO6HO MPUMCHATb HUTEC-
panmoHHyI0 cxeMy DWTkeHa [2]. XOTS 3TOT alNropuTM Tpe-
Oyer OompIme MamMsATH, OH OOECIEYHNBAET CYIMIECTBEHHO
067BIIYr0 TOYHOCTHh K03((uIteHToB U TpeOyeT MeHBIIe
KOMITBIOTEPHOTO BPEMEHH.
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Hocteil HeroTona [1, 2] onpeaensioTcs: Takod MOJU-
HOM 7(Xx), 1711 KOTOPOTO BBIMOJIHEHBI YCIOBUSA (X)) =

=(-1)"/ o(x) mpu k=0, 1, ..., n, ¥ HOTUHOM S(X), AT
KOTOPOTO BBITIOMHEHBI ycioBus s(x;) = flx;) mpu
k=0,1, ..., n. 3aTem U3 yciIoBHsI

O 1) (@ 1) = @5 41) + 106 1)) = (1"

ompeJiensieTcss KOHCTaHTa a. [lociie 3TOro MCKOMBIH
MIOJIMHOM p(X) OmpeneinsieTcs B COOTBETCTBUH C (op-
MyIIoit p(x) = a-s(x) — r(x). ITOT crIOCOO MOMXKHO HC-
MOJIb30BATh TAKXKE B CICIYIOIIEM BUIC: BBIYUCIISIOTCS
TTOJIMHOM S(X) cTeneHu 7 + 1, I KOTOpPOTo B TOYKAxX
x; npu k =0, 1, ..., n + | BBIIOIHEHBI YCIOBU
s(x) = f(xx), u nonuHOM 7(Xx) cTeneHu n + 1, s KOTO-
poro B Toukax x; mpu k =0, 1, ..., n + 1 BbIIOIHEHBI
yemosus 7(x;) = (1) / o(x;). Ocraercs momoGpaTh
KOA(PUIMEHT a TakK, 4TOOBI TOJHMHOM a-s(x) — 7r(x)
UMeJl CTeNeHb 7, — YTO BCEr/la BO3MOXHO, €CIIH
TONBKO (QyHKIUA f(x;) HE SABISAETCA NOIMHOMOM CTe-
TICHU HE BHIIIE A.

OTMeTUM, YTO Ha NPOMEKYTOYHBIX 3Tamax HET
HEOOXOAMMOCTH OIPeNeNisITh Kod3()PHUIUEeHTH Mmoin-
HOMa p(X) B SIBHOM BHJIE, TOCTATOYHO YMETh BBIUHUC-
JSTh €T0 3HaYeHHE B MPOM3BOIBHON Touke. [loaTomy
NpY KOMIBIOTEPHOH peaiu3aluy JaHHOTO alropuTMa
BIUIOTH JIO TIOJYYEHUS] HTOTOBOTO Pe3yiIbTaTa MOXKHO
WCIIOJh30BaTh BBIYHCICHHE 3HAYCHHIA MOJIMHOMA p(X)
mo gopmyne p(x) = a-s(x) — r(x), Tae AN BCIOMOTa-
TENBHBIX MMOJIMHOMOB s(x) U 7(x) ucnoib3yercs popma
KOHEYHBIX pa3HocTeld HproToHa.

Jnst yiydnieHus: paboThl aNropuTMa Ha Hayallb-
HOM 3Tane Ha waze | peKOMEeHIyeTcs BBIOMpaTh IS
HaYaJIBHBIX TOUCK @ < Xg < X1 <X < ...<X,+1 < b HY-
ni monvHOMa YeOblieBa MEPBOTO pojia CTENeHH
n + 2, CMEIICHHbIE U MacIITaOUPOBaHHBIC C UHTEPBA-
ma [-1, +1] k uaTepBany [a, b]. Ha waece 2 BMecTO
yenoBust o(xy) p(x;) = (—1)° pekoMeHmyeTcs HCIONb-
30Bath ycaosue w(xy) p(x) = (1)@ / (b — a))™" ",
4TOOBl M30€XKaTh HEOMpaBAAHHO OONBIIMX KOd(du-
UECHTOB y TIOMHOMA p(Xx) 1 GyHKIMH f{x) (TaKkoi BbI-
0op macmTaba COOTBETCTBYET OCIFIUIALUSAM IIOJIH-
HoMa YeOwimeBa crerneHn 7+ 1, MepecUUTaHHOTO
ot uHTepBana [—1, +1] x uaTepBany [a, b] n macmiTa-
OMpPOBaHHOTO TakK, YTOOBI cTapmUi KO3(PPHUIUEHT
OBLT paBeH CIUHUIIE).

Hpumep. Ilycts fx) = exp(x),a =0, b =1, o(x) = 1.
Hnan=1,2,..., 8 B pe3ynbrare pabOThl ONMHCAHHOTO
ITOPUTMa MOJy4aeM IIOJMHOMBI, KOTOphIe obecre-
YUBAIOT ONTHMAaJbHYI0 (TI0 MHHMMAaKCHON HOpME)
anmpokcuManuio  (QYHKIUH exp(x) Ha WHTepBaje
[0, 1]. Ommbka anmpoKCHManuu B 3aBUCHMOCTH
OT CTETEeHH TOJMHOMA yKa3aHa B Tabi. 3aBHCUMOCTH
OomMOKM anmnpoKCHMallMd OT CTENEeHH MOJIMHOMA
B rpaduyeckoii popme nokazana Ha puc. 3.
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Ta6a. Ommoka annpokcuManuu GyHKIMK exp(x) Ha uHTepBaie [0, 1] MHOrOUYIEeHAMH CTETEHH 7,
ONTUMAaJIBHBIMH 110 MUHUMAKCHOH HOpMeE C BecoM g(x) = 1

n 1 2 3 4 5 6 7 8
= _ s = 9 —
€ 0.1 8-10° | 510™ | 3.10° | 10 410" | 10 310"
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107, B Puc. 3. Anmpoxcnmanus QyHKIHH exp(x) Ha OTpe3ke
107 [0, 1] MUHMMAaKCHBIMUA MHOTOUYJIEHAMH CTEIICHH A.
1o ’ a — JKCIIOHEHIMAJbHAs (DYHKIHS U €€ alllpOKCUMAIUH,
: 0 — pa3HOCTh MEXAY OKCIOHEHLHUAIbHOW (yHKIUEH
107 ‘ U ee anmpoKCHUMallusIMH, B — MHHHMAaKCHas OINHNOKa
10 ) B JIOTapU(MUIECKOM MacITade
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10 | Puc. 4. Annpokcumarus GyHKIME exp(x) Ha HHTEPBAJC
102 . [0, 1] yceuennsiMu psgamu Teitnopa cTeneH 7.
ol a — JKCIIOHEHIMAabHAs (PYHKIMS U €€ alllpOKCUMAIIUH,
107 . 0 — pa3HOCTh MEXAYy OSKCHOHEHIHATHHON (QYyHKITHEH
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1077 "
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Jlnst cpaBHEHMS T€ e JAaHHbIC AJISl yCEUEHHBIX psi-
noB Teitnopa mokazans! Ha puc. 4. CiaemnyeT OTMETUTb,
yto psax Teinmopa mms QyHKOUM exp(x) cXommTcs
oueHb ObICTpO (B omTimume OT psaa Teisopa s
¢yaxmmm log(x), HampuMep), OIHAKO Jaxe B 3TOM
cllyyae MHUHHMMAaKCHOE MNpPUONMKEHHE HaeT CYIIeCT-
BEHHOE MIPENMYILECTBO.

Paboma evinonnena 6 Hncmumyme anaiumuyeckozo
npubopocmpoenus Poccuiickoii akademuu uayx (Caunkm-
Ilemepbype) 6 pamxax memwr FFZM-2022-0009 (nomep
eoc. peeucmpayuu 122040600002-3) zocydapcmeennoco
3a0anus. Munucmepcmea Hayku u @vicuie2o 0Opa3o8anus
Poccuickou @edepayuu Ne 075-01157-23-00 om 29.12.2022.
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U3 agmopos.
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NUMERICAL ALGORITHM FOR MINIMAX POLYNOMIAL
APPROXIMATION OF FUNCTIONS WITH A GIVEN WEIGHT

A. S. Berdnikov, S. V. Masyukevich

Institute for Analytical Instrumentation of RAS, Saint Petersburg, Russia

The article discusses a rapidly converging numerical algorithm for determining the coefficients of polyno-
mials. The algorithm provides the optimal approximation of a given function in the minimax norm with a given
weight on a given interval. The approximation is made under the condition that the weight function does not
turn to zero on the considered interval, except, perhaps, for the initial and/or final points of the interval.

Keywords: minimax norm, Chebyshev polynomials, optimal approximation

INTRODUCTION

The use of function approximations that are optim-
al in terms of the minimax (uniform) norm has signif-
icant advantages over the simpler approximation of
functions using the least squares method [1, 2]. As
a practical tool in constructing such approximations,
the Chebyshev polynomials of the first kind are used,
deviating least from zero and having a weight function
equal to one [3, 4]. The decomposition of a function
into a truncated series consisting of polynomials that
deviate least from zero (the Chebyshev polynomials in
the case of a unit weight function) is one of the me-
thods for the close construction of polynomial approx-
imations that are optimal in the minimax norm [4, 5].
Also, to construct polynomial approximations that are
close to the optimal minimax approximation, one uses
an approximation over a discrete set of collocation
points corresponding to the zeros of the Chebyshev
polynomial with a degree one greater than the degree
of the approximating polynomial [1, 2, 4, 5].

Such methods are characterized by convenience
and ease of design, as well as having certain empirical
prerequisites to obtain quite good accuracy. However,
the simplified methods of approximation differ from
the true approximation, which is optimal in terms of
the minimax norm, and, therefore, the former provide
an uncontrollably larger approximation error than the
exact solution of the corresponding minimax optimi-
zation problem. The use of approximations that pro-
vide an exact solution to the minimax optimization
problem for a given function (when possible) is defi-
nitely preferable.

The set of functions for which there is an explicit
algebraic (analytical) representation for a polynomial
approximation that is optimal in the minimax norm, is
not too large (practically all such cases are given in
[6-8]). In this paper, we study an improved version of
a rapidly converging numerical algorithm for deter-
mining the coefficients of polynomials that deviate

least from a given function on a given interval with
a given weight, which was previously considered in [9].

MINIMAX FUNCTION APPROXIMATION
AND THE THEORY OF CHEBYSHEV

Formulation of the problem

Let there be a continuous function f{x) and a finite
interval [a, b] for the latter a continuous weight func-
tion w(x) is given, which is strictly positive on this
interval, except, perhaps, for the ends of the interval,
for which it can turn into zero.' It is necessary to find
a polynomial p(x) of degree at most n with previously

undefined coefficients ag, a1, as, ..., a,:
p(X)=ay+ax +ax*+ ...+ ax" +ax", (1)
which is the solution to the optimization problem
max [o(x) (fx) — p(x))| — min, ()

where the variable x € [a, b] is maximized, and the
coefficients ao, ai, ay, ..., a,. are minimized.

Without loss of generality, we can assume that the
function f{x) is not a polynomial of degree n or lower,
otherwise the optimal solution for problem (2) is
known in advance and coincides with the function

fx).

" For a weight function with zeros inside the interval [a, b],
it will be required that the Chebyshev maxima and minima
(and trial points for the numerical algorithm) do not coin-
cide with the zeros of the weight function, and the signs of
the alternating maxima and minima change in accordance
with the sign of the weight function. Also, the interval [a, b]
can be infinite on the right and/or left, but both the approx-
imated function f{x) and the weight function ¢g(x) must tend
to zero at infinity no slower than the power functions 1/x*,
and with the same rate [6—8].

84
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The Chebyshev criterion for the minimax
polynomial approximation

For a polynomial p(x) of degree n to be a solution to
problem (2), it is necessary and sufficient that there exist
such a set of n + 2 points xo<x<x,<... <Xx,+, belong-
ing to the interval [q, b], and such a number € (positive
or negative) that the following conditions are met:

—fe] < o(x) (fix) — p(x)) < || npu x € [a, b], (3)
o() () —pe)) =D enpnk=0,1,..,n+1. (4)

The points xy < x; < x, < ... < Xx,+; with alternating
positive minima and negative maxima equal in abso-
lute value to the maximum modulus of the function
under study are called the Chebyshev alternance (see
[7, 8, 10—14]). Graphs of Chebyshev polynomials of
the first kind [3], demonstrating the fulfillment of this
condition on the interval [-1, +1] with the weight
o(x) =1, are shown in Fig. 1.

Fig. 1. Chebyshev polynomials 7,(x), which deviate
least from zero on the interval [-1, +1].
a—n=50—n=8B—n=16

The meaning of conditions (3), (4) is that for the
polynomial p(x) there is a set of n + 2 test points x; at
which the discrepancy w(x) (f{x) — p(x)) has local al-
ternating negative minima and positive maxima equal
to tg|, and the values of these minima and maxima
are global on the interval [a, b]. This criterion is
a special case of Chebyshev's theory of minimax ap-
proximation of functions using fractional rational
functions [7, 8], but in the case of approximation us-
ing polynomials, the proof of the appropriate state-
ments is simplified.

Statement 1 (The de la Vallée — Poussin theorem
[7, 8, 15-17]). If the considered function w(x) (f{x) —
— p(x)) for some polynomial p(x) of degree n takes
non-zero values Ag, Ay, ..., Ay_1  with alternating
signs, where N>n + 2, at N successive points
Xo <x1 <...<xy_; in interval [a, b], then for any oth-
er polynomial 7(x) of degree n,

max |o(x) (fx) — 7(0)| = min {Aol, l, -, v 1]}

Proof. Let there be a polynomial r(x) satisfying the
condition max |o(x) (fix) — #(x))| <min (JA|, |Ai], ...,
[Av_1]). We assume that in the sequence x; the values
o(xy) (flxr) — r(xy)) are strictly positive for even points,
and strictly negative for odd points. (When the values
are positive for odd points and negative for even
points, the reasoning is similar.) This means that the
condition o(xy) (fxy) — r(x) < Ml = o(x) (flxe) —
— p(xy)) is satisfied at even points, and the condition

() (flxe) — () >~ = o) (flxe) — r(xy) is sa-
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tisfied at odd points. As a result, the value o(x) (p(x) —
— r(x)) is strictly negative at even points x; and strictly
positive at odd points x;. The values of the weight
function ®(x;) at the points x;,, for which the function
o(x) (flx) — r(x)) takes strictly positive or strictly nega-
tive values, do not vanish and, therefore, are strictly
positive. Therefore, the polynomial p(x) — r(x) of de-
gree n, which is not identically zero, alternately takes
strictly positive and strictly negative values at least at
n + 2 different points and therefore has at least n + 1
zeros of multiplicity 1. Hence, the polynomial n + 2
satisfying the condition  max |o(x;) (fxy) —
— 7(x))| <min (JAg|, A4, - .., |Av—1]), does not exist.

Comment. The de la Vallée — Poussin theorem al-
lows one to obtain a lower estimate for solving the
optimization problem (2). If Ao, Ay, ..., Ay _ are local
maxima and minima of the w(x) (fx) — r(x)) with al-
ternating signs, then this construction is called the
de la Vallée — Poussin alternance, and for solving the
optimization problem (2) it gives not only a lower
bound, but also an upper bound equal to max {|A|,
Aaly -.es [Aacal}

Statement 2. If the conditions (3), (4) of the Cheby-
shev criterion are satisfied for the polynomial p(x),
then the optimal value for the right side of the optimi-
zation problem (2) is equal to |g|, and the polynomial
p(x) is its solution (possibly, one of many).

Proof. The Chebyshev alternance (3), (4) is a spe-
cial case of the de la Vallée — Poussin alternance,
therefore, according to Statement 1, the right side of
the optimization problem (2) is not less than |¢|. On
the other hand, max|w(x) (f{x) — p(x))| = |¢|. Therefore,
the minimum of the optimization problem (2) is equal
to |e|, and the polynomial p(x) is one of its solutions.

Statement 3. There is a polynomial p(x) that provides
a solution to the optimization problem (2). (This ex-
cludes the case when there are polynomials p,(x) with
constantly decreasing values for P, = max |o(x) (f{x) —
— pi(x))|, while the minimum of this quantity is never
reached on the set of polynomials of a given degree.)

Proof. The values of P, = max |o(x) (f{x) — pi(x))|
are bounded from below by zero; therefore, for the
values P; on the set of polynomials, there exists an
infimum P. In accordance with the definition of the
infimum, there exists a sequence of polynomials p(x)
of degree n:

_ 2 n—1 n
PiX) =ao xtar, Xt ax X"+t ay X ay X,

for which lim P, = P as k — oo. Therefore, starting
from a certain number £, the values of the polynomials
pi(x) on the interval [a + 3, b — 9], where  is small
enough, will be bounded from above and below (we
had to make an indent from the ends of the interval to
take into account the case when the weight function
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may be zero at the ends of the interval). From the La-
grange formula [1, 2] for a polynomial of degree n,
which at n + 1 given points x; takes the values y;

~ (x—x,)
p(x) jgﬂ yjjzl,!,;J;i¢_/ ()Cj _ xj) ’

it follows that when at n + 1 fixed points x; the values
of the polynomial y,; are bounded above and below,
then each of the coefficients of the polynomial is also
bounded above and below. Therefore, in accordance
with the Bolzano — Weierstrass theorem (also called
the Bolzano — Weierstrass lemma) on the limit point,
according to which from any infinite bounded se-
quence of points in the space R", one can select a con-
vergent subsequence, in the sequence of polynomials
pi(x) one can choose a subsequence of polynomials in
which there is a limit for each of the coefficients of
the polynomial. That is, there is a sequence of poly-
nomials py(x) for which lim P,= P as k — o and the
polynomial coefficients have limit values b, = lim a;
as k — oo.
Consider a polynomial r(x) with coefficients b;:

r(x)=b0+b1x+b2x2+ +bn71xn71 +bnxn‘

Since b; = lim ay, then for any fixed value x the
condition lim py(x) = r(x) is satisfied as k& — oo, and
the tendency to the limit is uniform on the considered
finite interval of values x. From inequality

max |o(x) (fx) — r(x))] < max |o(x) (x) - px)| +

+ max |o(x)| max |#(x) — pu(x)|

it follows that max |(x) (f{x) — r(x))| = P, because this
value cannot be less than P, while as & — oo the first
term on the right side tends to P, and the second term
tends to zero. This means that for the polynomial #(x)
the value (2) reaches its lower bound.

Statement 4 (The Chebyshev theorem). The poly-
nomial p(x), which provides a solution to the optimi-
zation problem (2), satisfies the Chebyshev criterion.

Proof. Consider the behavior of the function F(x) =
= o(x) (flx) — p(x)) on the segment [a, b]. To simplify
the reasoning, we assume that the number of intervals
on which the function F(x) changes sign is finite. This
does not mean that the number of zeros of the function
F(x) is also finite: let's assume the variant is when the
function F(x) is equal to zero at any point of some
interval inside the segment [a, b]. Let the points yy, y»,
..., ym divide the segment [a, b] into m + 1 intervals,
on each of which the function F(x) takes alternately
positive and negative values, and let us assume the
option when on the entire segment [, b] the function
F(x) takes only positive or only negative values. If
there is continuous interval consisting entirely of ze-
ros of the function F(x), this interval is attached to the

neighboring interval with positive or negative values
of the function.

For intervals with positive values of F(x), we
choose a point with the maximum value of the func-
tion on this interval (perhaps not the only one on this
interval), and for intervals with negative values of
F(x), we select the point with the minimum value of
the function on this interval. We get a set of points y,
V2, -ovy Vm» — function F(x) zeros dividing the seg-
ment [a, b] into m + 1 intervals, for which the function
F(x) retains its sign, changing it when crossing the
boundary of the interval. Also we get a set of points
X0, X1, X2, +..» Xm, X + 1 belonging these intervals and
not coinciding with the ends of the intervals. This set
consists of alternating positive maxima and negative
minima Ag, Ay, Ay, ..., Ay +1 Of the function F(x) (Vallée
— Poussin alternance) and the accompanying partition
of the segment [a, b] into intervals on which the func-
tion F(x) retains its sign).

Let A = max |\ If the maximum is equal to A on
some interval, and the modulus of the minimum is less
than A on the neighboring (next or previous) interval,
then this interval, together with the subsequent inter-
val with a positive maximum, regardless of its value,
merges the current interval (see Fig. 2, a).

Fig. 2. Combining segments with alternating maxima
and minima.

a — the case of a single minimum or several succes-
sively located minima that lie above the minimum
level of the function F(x); 6 — the case of a single
maximum or several successively located maxima that
lie below the maximum level of the function F(x).

The vertical arrows mark the minima and maxima,
which correspond to the maximum deviation. Slanted
arrows mark minima and maxima, which are less than
the maximum deviation in modulus, so that the graph
of the function can be shifted down or up, respective-
ly, by a non-zero distance without going beyond the
limits of the maximum deviation. Bold dots mark the
zeros of the function F(x), which are the boundary of
the combined interval with strictly positive or strictly
negative maximum deviations of the function F(x)

The new interval has the property that such a posi-
tive constant can be subtracted from the function F(x)
so that the positive maximum of the function on the
interval decreases, but the absolute value of the nega-
tive minimum of the function on the interval does not
increase so much as to exceed the new maximum of
the function.

In the same way, if on some interval the minimum
is equal to —A, and on the neighboring interval the
maximum is less than A, then this interval, together
with the subsequent interval containing a negative
minimum, merges the current interval (see Fig. 2, 0).
In this case, on the obtained interval, a positive con-
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stant can be added to the function F(x) so that the ab-
solute value of the negative minimum on the interval
decreases, but the positive maximum of the function
on the interval does not increase so much that it be-
comes greater than the absolute value of the new min-
imum.

Finally, on the interval [a, b] for a given poly-
nomial p(x), a set of NV intervals with points xy, x1, X2,
..., Xy _ 1 on them, and the function F(x) alternating
positive maxima and negative minima equal to A,
where A = max |o(x) (fix) —p(x))|. If N is greater than
or equal to n + 2, then such a polynomial p(x) satisfies
the Chebyshev criterion and, in accordance with
Statement 1, will be a solution to the optimization
problem (2).

Let N be less than or equal to n + 1. At the stage of
combining the intervals, a set of points y, ya, ..., Yn_1
(interval boundaries), at which the function F(x) va-
nishes and changes its sign, was obtained. These
points divide the interval [a, b] into smaller intervals,
each of which has a point with a Chebyshev minimum
or a Chebyshev maximum. There are also constants
O; > 0, which can be subtracted from the function F(x)
on intervals with positive maxima or added to the
function F(x) on intervals with negative minima,
while reducing the minimax norm on the appropriate
interval.

Without loss of generality, we can assume that
the function F(x) takes positive values on the first in-
terval; otherwise, you can change the sign of the func-
tion f{x) and the polynomial p(x) simultaneously with-
out changing the optimization problem (2).

Consider the function Q(x), which is the product of
a polynomial of degree at most » and a weight func-
tion (x):

Qx) = o(x) (1 =x) (2 =%)...0n-1 = %)

The function Q(x) is strictly positive on those in-
tervals where there is a Chebyshev maximum of the
function F(x), and strictly negative on those intervals
where there is a Chebyshev minimum of the function
F(x). If we subtract the function sQ(x) with a suffi-
ciently small positive factor s (for example, we can
choose s = (8 / R), where R = max |Q(x)| and ¢ =
=min §; > 0) from the function F(x), this will safely
reduce the positive maxima of F(x) and decrease the
negative minima of F(x), thereby reducing max |F(x)|.
Therefore, such a polynomial p(x) cannot be a solu-
tion for the optimization problem (2), since it is possi-
ble to obtain an even smaller value for max |F(x)|
when replacing the current polynomial p(x) of degree
n with a new polynomial 7(x) of degree n:

G(x) = F(x) - (3/R) Q(x) =
= 0(x) (Ix) —p(x)) = (6 / R) &(x) (1 = X)...(n-1—%) =

= o(x) (flx) —p(x) = (8 / R) (1 = x)...(yy-1—x)) =
= o(x) (flx) — r(x)), max |G(x)| < max |F(x)|.
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Conclusion: the optimal polynomial of degree n,
considered in Statement 2, must satisfy the Chebyshev
criterion.

Statement 5. The polynomial p(x) that satisfies the
Chebyshev criterion and provides a solution to the
optimization problem (2) is the only one.

Proof. The idea of the proof is borrowed from [7,
8]. Let there be two polynomials p(x) and r(x) of de-
gree n, which are the solution to the optimization
problem (2). For the degenerate case, for which
max |o(x) (fx) — p(x))| = 0 and max |o(x) (flx) — 7(x))| =
=0, the conditions f{x) — p(x) = 0 u fix) — r(x) = 0
must be satisfied, which means that p(x) = r(x). There-
fore, we will assume that max |o(x) (fix) — p(x))| =
=max |o(x) (flx) — r(x))| > 0 so that the expressions
o(x) (f{ix) — p(x)) and ®(x) (f{x) — r(x)) on the interval
[a, b] have nonzero maxima and minima.

According to Statement 3, each of the polynomials
p(x) and r(x) satisfies the Chebyshev criterion, and the
value € # 0 for them is the same. Let x, X2, ..., X,+2
be Chebyshev deviation points with alternating max-
ima and minima equal to te, for the function
F(x) = o(x) (fix) — p(x)). If for the polynomial r(x) the
function G(x) = o(x) (fix) — r(x)) takes the same val-
ues *¢ at the points xy, X, ..., X, +2, €xcept, maybe one
point from this list, then the polynomials p(x) and #(x)
are identically equal to each other. Indeed, in this
case, the difference

d(x) = F(x) - G(x) =
= o) (flx) - px)) - o) (fx) - r(x)) =
= o) (r(x) - p(x)), ®)

which is the product of a positive weight function w(x)
and a polynomial of degree at most n, vanishes at n + 2
points or, in extremis, at 7 + 1 points — and therefore
the polynomial »(x) — p(x) must be identically zero,
since otherwise it cannot be explained that it has so
many zeros (the weight function w(x), even if it va-
nishes at the ends of the interval [a, b], is not equal to
zero at the points of function F(x) minima and max-
ima).

Let among the Chebyshev deviation points xi, x2,
..., Xp+ for the function F(x) there be at least two
points x; and x; ., at which the value of the function
G(x) does not coincide with the value of the function
F(x) in the point (minimum or maximum of the func-
tion F(x)). It is required to prove that in this case in-
side the interval [x;, x;+ ] there is at least one more
point that does not coincide with the points xy, x, ...,
Xn+2, and at which the values of the functions F(x)
and G(x) coincide (although, perhaps, at this point the
common value of the functions F(x) and G(x) is not
equal to ¢), and, consequently, the function d(x) giv-
en by formula (5) has an additional unaccounted zero.

If at some point x; the condition d(x;) # 0 is satis-
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fied, then the sign of the difference d(x;) given by
formula (5) coincides with the sign of F(x;). Indeed, if
x; is the point of the negative minimum of the function
F(x), then G(x;) > F(x;), and if x; is the point of the
positive maximum of the function F(x), then G(x)) <
< F(x). If

d(xk) #0, d(xk+ 1) =0, d(xk+2) =0,..., d(karm—l) =0,
d(xism) %0, ©)

then the expressions (—1)* F(x;) and (=1)*"" F(x;+ )
have the same signs and, therefore, the expressions
d(x;) and (-1)" d(x;+ ) have the same signs. There-
fore, the parity of the number of sign changes of the
function d(x) on the interval [x;, x;+,] coincides with
the parity of the number m, and thus the parity of the
number of roots (taking into account their multiplici-
ty) for the function d(x) on the interval [x;, x4+ ] coin-
cides with the parity of the number m. According to
(6), the function d(x) on the interval [x;, x;+,] has at
least m — 1 unequal roots and, therefore, either one
more root must exist, or one of the roots x;+1, Xi+2,
..., Xx+m—1 has an even multiplicity of at least 2. After
performing this operation for all intervals bounded by
points x; with non-zero values d(x;), we obtain that the
number of roots of the function d(x) on the interval [q,
b], taking into account the multiplicity of the roots,
will be no less than n + 1. Therefore, the polynomial
r(x) — p(x) of degree at most » must be identically zero
in the formula d(x) = @(x) (7(x) — p(x)).

ALGORITHM FOR CONSTRUCTING
A MINIMAX POLYNOMIAL
APPROXIMATION OF A FUNCTION

An algorithm for the numerical construction of ap-
proximating polynomials is derived from the Cheby-
shev criterion for the minimax approximation of
a function. This algorithm is a modified and optimized
E.Ya. Remez algorithm [18-22]:

1. An initial set of points xp < x; < x; < ...< X, +1,
on the interval [a, b] is chosen arbitrarily. If the
weight function (x) vanishes at the point x = a, it is
necessary to satisfy the condition a < x. If the weight
function ®(x) vanishes at the point x = b, then the
condition xy < b must be met.

2. For the current set of points a < xy < x; <
<x<..<x,+1 < b, an auxiliary function g(x)=
= af(x) — p(x) is constructed, where a is some con-
stant, and p(x) is a polynomial of degree n with some
coefficients. The free coefficients of the function g(x),
i.e. multiplier a and coefficients of polynomial p(x)
are chosen so that the conditions w(x;)g(x;) = (—1)" are
satisfied for k=0, 1, ..., n+ 1. Such a function exists
and is uniquely defined (see further).

3. Now we need to determine the algebraic equa-
tion g(x) = 0 roots, which are on the interval [a, b].

Since the values of the function g(x) have different
signs at the edges of the intervals [x;, x;+], then in-
side each such interval there is at least one root of the
equation g(x) = 0. If the function f{x) changes slowly
enough, then on each of the intervals [x;, x; - 1] there is
exactly one root of multiplicity 1, and the numerical
determination of these roots is not difficult. If this
condition is violated and there are several roots on the
interval under consideration, all these roots are added
to the list (multiple roots with even multiplicity, for
which the values of the function g(x) on both sides of
the root have the same sign, are not included in the
list). Upon completion of the search for roots, the be-
ginning and the end of the interval yo=a and y,,+1 = b
are added to the list of values a <y, <y, <...<y, <b,
which are roots of odd multiplicity of the function
g(x) on the interval [a, b].

4. Now the interval [a, b] is a set of at least n + 2
intervals [y, Vx+1], which are in contact with their end
points, and on each interval the function g(x) retains
its sign, and the sign of the function changes when the
boundary between the intervals is crossed. Consider
the function G(x) = o(x) g(x), which on the interval [a,
b] takes values of the same sign as the function g(x).
Let us find the global (for the considered interval) ex-
tremum G(x) and the point z; € [y, yk+1], Where this
extremum is located, for the function G(x) on each
interval x € [y, Vi1]. For intervals with positive val-
ues of the function G(x), one should look for a posi-
tive maximum, and for intervals [y, yx+1] with nega-
tive values of the function — a negative minimum.

5. It is necessary to exclude extra points if the
number of determined points Gy = G(zi), zx € [V
Ve+1] with alternating signs is greater than n + 2. To
do this, the least modulo value of Gy is chosen. If the
interval with this value is the first or last in the list, the
value of G; and the corresponding point z; are dis-
carded. If the interval with this value is in the middle
of the list, check the previous and subsequent intervals
and discard not only the considered value of Gy, but
also that of the two neighboring values G,_; and
Gy +1, which will be less in absolute value. Indeed, the
signs of the values G;_, and G; - are opposite in sign
to the value of G}, and since due to the removal of the
value G, from the list, two values of the same sign
will be nearby, then one of the two values G+ and
G-, must be discarded. It’s important: there is a risk
of getting n + 1 points from »n + 3 z; points, instead of
the required » + 2 points at once since one or two
points are removed at each step, — in this case, you
should keep the point G; in the list, and delete instead
one of the start or end points, which is less in absolute
value. The process continues until the list contains
n+2 extrema G;= G(z), corresponding to n+2
points z; with alternating positive maxima and nega-
tive minima of the function G(x) = ®(x) g(x).
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6. For the existing list of points a < zy<z; <<z, <
...<z,+1 < b, let's take a closer look at the values of
extrema G, = o(z) g(z) = (<1)'e;. If & ~ 1 within the
given accuracy, then a polynomial that satisfies the
requirements of the Chebyshev criterion is deter-
mined. Moreover, it follows from the de la Vallée —
Poussin theorem on the best approximation of a func-
tion by polynomials (Statement 1) that the exact opti-
mum for problem (2) lies in the range between min |g;
/ a| | and max |g; / a|, (where a is the factor in the ex-
pression g(x) = af{x) — p(x)). If the condition g ~ 1 is
not satisfied, we replace the trial points a < xy <
<x; <x<...<x,+1 < b with points a < zy <z, <z <
...<z,+1 < b and return to step 2.

7. It remains to normalize the function g(x) =
=af{x) — p(x) so that the coefficient of the function
fix) becomes equal to 1. Such a normalization is al-
ways feasible, since the coefficient a cannot be zero,
otherwise it will turn out that there is a non-identical
zero polynomial p(x) of degree n, which has n + 1
roots located between neighboring maxima and mini-
ma of different signs in the amount of n + 2 pieces.

Obviously, if this algorithm converges, then it
converges to a polynomial that satisfies the Cheby-
shev criterion, and thus the result of the algorithm is
a solution to the optimization problem (2), and the
only such solution. Theoretically, the algorithm al-
ways converges at the rate of a geometric progression:
for any continuous weight function and for any degree
of n, there are numbers C > 0 and 0 <X\ < 1 for which

max |o(x) (a:x) ~ p(x)| < 1+ CL,

where i is the iteration number. The proof is similar
to the proof of the convergence of the E.Ya. Remez
algorithm in the monograph [20]. Unfortunately, due
to rounding errors, the algorithm may diverge for
"bad" functions f{x) and ®(x), namely, for functions
that do not change slowly on the interval [a, b], but
instead show multiple oscillations, so that they have
more than one root for the intervals [x;, x;+ ] or more
than one local maximum or minimum for the intervals
V&> Vk+1]. In such cases, the algorithm can perform an
infinite loop, in fact switching between the same list
of tested polynomials. This behavior of the algorithm
should be controlled manually by setting the maxi-
mum number of cycles that are allowed to run. Anoth-
er useful criterion for terminating the operation of an
algorithm that has fallen into an infinite loop can be,
at the next step, to check the increase of the spread
between the maxima and minima *¢; determined on
the intervals [y, yx+1] compared to this value of the
previous step. Also, a suspicious attribute, signaling
the looping of the algorithm, may be the regular oc-
currence of a situation, at Step 5, when "cleaning"
points Gy, at some step there are less than n + 2 points
in the list and it becomes necessary to take a step
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back, removing the first or the last point, because even
if the optimal polynomial p(x) is the identical zero (for
example, such a situation arises when trying to ap-
proximate with a polynomial of finite degree of the
function sin(1 / x) on the interval [0, 1]), then, accord-
ing to Statement 4, there must still be a set of n + 2
points z; that form the Chebyshev alternance.

Since the weight function ®(x) can vanish at an
end of the interval [a, b], then to perform step 2 it will
be required that the test points chosen at step 1 lie
strictly inside the interval [a, b]: a < xy < x; <
<xp <...< X1 < b. It can be seen that if w(a) =0 or
o(b) =0 and, a <xg < x; < x; < ...< x4 <b, then the
condition a < xp <x; <x; <...< X, <<b will be pre-
served for all subsequent iterations, because the points
zy, at step 6, will also have to satisfy the condition
a<zp<z1 <z < ..<ZzZ,4 <b.

To calculate the coefficients at step 2, it is imposs-
ible to use an explicit solution of the system of linear
equations to determine the coefficients of the function
g(x) = af(x) — p(x), since the conditionality of the ma-
trix of linear equations (except for the first column,
coinciding with the Vandermonde matrix) grows ra-
pidly with the degree of the polynomial: as a result,
small errors in rounding floating point numbers lead
to completely unsatisfactory values for unknown coef-
ficients. One of the efficient ways to determine the
desired g function g(x) = af(x) — p(x) at step 2 is as fol-
lows. From the conditions p(x;) = afx) — (=1)* / (xy),
which are equivalent to the conditions ®(xy) (af{xi) —
—p(xp) = (-1)", using the Lagrange formula® [1, 2],
we determine the coefficients of the polynomial p(x),
which at given points x; takes the given values. These
coefficients will be linear expressions with a free
coefficient a. After that, for the equation
() (@fx) — p() = (1)", which is a linear equa-
tion with respect to the variable a, the unknown coef-
ficient a is determined.

Another, more efficient way to determine the coef-
ficient a and the coefficients of the polynomial p(x),
for which the conditions will be satisfied at step 2

(D(xk) (aﬂxk) *p(Xk)) = (71)]{ npu k= Oa 1, LERS n+1a

consists of the following. To fulfill the equalities
p(x) = afix) — (~1)*/ @(x;) according to Newton fi-
nite difference method [1, 2], we determine such
a polynomial r(x) for which the conditions »(x;) =
= (fl)k/ o(x;) are satisfied if k=0, 1, ..., n, and a po-
lynomial s(x) for which the conditions s(x;) = f{x;) are
satisfied if k=0, 1, ..., n. Then from the condition

? Instead of the explicit Lagrange formula, especially for
large degrees of polynomials, it is convenient to use the
Aitken iterative method [2]. Although this algorithm re-
quires more memory, it provides significantly better coeffi-
cient accuracy and requires less computing time.
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the constant a is defined. After that, the desired poly-
nomial p(x) is determined in accordance with the for-
mula p(x) = a-s(x) — r(x). This method can also be
used in the following form: we calculate a polynomial
s(x) of degree m+1 for which the conditions
s(xp) = flxy) are met at the points x; if k=0, 1, ...,
n + 1, and a polynomial r(x) of degree n + 1 for which
the conditions 7(x;) = (—1)"/ o(x;) are met at the points
xifk=0,1, ..., n+ 1. It remains to choose the coef-
ficient a so that the polynomial a-s(x) — r(x) has de-
gree n, which is always possible, unless the function
flx) is a polynomial of degree at most n.

Note that at intermediate stages, there is no need to
determine the coefficients of the polynomial p(x) ex-
plicitly, it is enough to be able to calculate its value at
an arbitrary point. Therefore, in the case of computer
calculation of this algorithm, until the final result is
obtained, one can use the calculation of the values of
the polynomial p(x) according to the formula p(x) =
= a-s(x) — r(x), where for the auxiliary polynomials
s(x) and r(x) the Newton method of finite differences
is used.

To improve the operation of the algorithm at the
initial stage, at step 1, it is recommended to choose the
zeros of the Chebyshev polynomial of the first kind of
degree n + 2, shifted and scaled from the interval [-1,
+1] to the interval [a, b] for the initial points a < xy <
<x; <x;<...<Xx,+1 < b. At step 2, instead of the con-
dition ©(x;) p(x) = (-1), it is recommended to use the
condition ®(xy) p(xp) = (=1)*(4 / (b — a))™" ' to avoid
unreasonably large coefficients of the polynomial p(x)
and the function f{x) (this choice of scale corresponds
to the oscillations of the Chebyshev polynomial of
degree n + 1, recalculated from the interval [-1, +1] to
the interval [a, b] and scaled so that the leading coef-
ficient is equal to 1).

Example. Let f{x) = exp(x),a=0,b =1, o(x) = 1.
Forn =1, 2, ..., 8 as a result of the described algo-
rithm, we obtain polynomials that provide the optimal
(in terms of minimax norm) approximation of the
function exp(x) on the interval [0, 1]. The approxima-
tion error depending on the polynomial degree is indi-
cated in Tab. The dependence of the approximation
error on the degree of the polynomial is shown in
graphical form in Fig. 3.

Tab. Error of the function exp(x) approximation on
the interval [0, 1] with polynomials of degree n, op-
timal in minimax norm with weight g(x) = 1

Fig. 3. Approximation of the function exp(x) on the
interval [0, 1] with minimax polynomials of degree 7.
a — exponential function and its approximations,
6 — difference between the exponential function and
its approximations, B — minimax error on a logarith-
mic scale

For comparison, the same data for the truncated
Taylor series are shown in Fig. 4. It should be noted
that the Taylor series for the function exp(x) con-
verges very quickly (in contrast to the Taylor series
for the function log(x), for example), but even in this
case, the minimax approximation gives a significant
advantage.

Fig. 4. Approximation of the function exp(x) on the
interval [0, 1] with a truncated Taylor series of degree
n.

a — exponential function and its approximations,
6 — difference between the exponential function and
its approximations, B — minimax error on a logarith-
mic scale
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