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O PACYHETE ABEPPAIIMOHHBIX KOO®®UIIMEHTOB
JJIA MUWINHAPUYECKOI'O 3EPKAJIA

Jlns mummHAPHIYecKoro 3epKaia BHIBEICHBI a0eppanroHHbIe KOA(QPHUIMEHTH T0 YeTBEPTOTo mopsaaka. Paspadbortan
METOJl BBIYHMCIIEHHS abeppanMoHHbIX KO3((GHUINEHTOB M0 pe3ysbTaTaM pacdeTa HeCKOJIbKHX TPAeKTOpHUH. AHaiu-
TUYECKUH ¥ YNCIICHHBIH METO/BI BBIYHCICHHS abeppariMOHHBIX KO3((UINEHTOB JAI0T PE3yJIbTATHI, COBIIA/IAIOIINE

C BBICOKOHM TOUHOCTBLIO.
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BBEJEHUE

HanHast paboTa sBISeTCsS IPOAOJDKEHHUEM padoT
[1-3], mOCBSAIIEHHBIX N3YYEHUIO CBOMCTB AJIEKTPOCTA-
THYECKOTO HHEpProaHaiu3aTropa TUNA I[IHIHHApPUYC-
ckoe 3epkanio (L[3) (umnuHIpUYECKUH KOHIEHCATOP)
NPY y4YeTe 3apsHKeHHBIX YacTul] (B HAIleM ciiydae 3TO
3JIEKTPOHBI), UMCIOLIUX a3UMYTaJIbHYIO KOMIIOHEHTY
CKOPOCTH.

Panee nmonoOHast TemaTrka paccMaTpuBajach B psi-
ne pabot [4—7]. B atux paboTax M3ydanuch TPaeKTO-
pHH DJIEKTPOHOB B IMJIMHIPUYECKOW CUCTEME KOOp-
nuHat. Hanbonee OM3KOM K MPeNCTaBICHHON CTaThe
sBnsercss pabora [4]. Hamm mcmonms3oBanmuch ee oc-
HOBHBIE 0003HAYCHHUS.

MOXHO BBIACTHTH TPU OOJIACTH TPOXOKACHHS
TpPaeKTOpHii: TiepBOe mpolieTHOe (npetdoBoe) mpo-
CTPaHCTBO, AMCIIEPCHOHHOE IPOCTPAHCTBO, BTOPOE
MPOJIETHOE TMPOCTPaHCTBO. (OCHOBHYIO TPYIHOCTh
NPEACTABISET BBIYUCICHUE TPACKTOPUHA B AMCIEPCH-
OHHOM TIPOCTPaHCTBE.

VYpaBHeHUE OBIKEHHS 3apsOHKEHHBIX YacTHL (3IIEK-
TPOHOB) B JAHMCIEPCHOHHOM TPOCTPAHCTBE, 3aIMCaH-
HO€ B LMIMHAPHUYECKOH CHUCTEME KOOPIAHMHAT, JIOITyC-
KaeT yNpoIlleHHe, B pe3yIbTaTe KOTOPOTO MOJTy4aeTcs
3aBUCHUMOCTb BPEMEHU OT PagHajIbHOM KOOPIMHATHI
B BUJIc HHTETpalia (B 0003HaYCHHUAX pa0oThI [3])
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HagannHbIe yCiIoBUsA JId ypaBHeHI/Iﬁ JBHXCHUS .
7"0 — paanyC TOYKHU BbUICTA IJICKTPOHOB U3 UCTOYHU-

Ka, I/O — CKOPOCTB 3JICKTPOHOB 0 BXOJa B JUCIICP-

CHOHHOE NPOCTPaHcTBO; ($, () — yIiibl B JIOKAIBHOM
cepuueckoil  CHCTEME KOOPIMHAT, IPUBA3AHHOM
K TOYKE SMUCCUH 7y; ¢ — yroa Mexay HOpMAJbIo

K Tuiockoctd XY (0cbi0o Z) W BEKTOPOM CKOPOCTH;
() — a3UMYyTalbHBIA YroJI, OTCUUTHIBAEMBIA BOKPYT

TOYKH 7, MEXIy OCbio Y U mpoekuumeil BekTopa

ckopoctu Ha miockocts XY (V) )); ocb Y nokanbHoit

y
chepuueckoil  CHUCTEMbl  KOOpJMHAT  COBMaJacT
C IpsIMOY JIMHHMEH, IPOBEIEHHON U3 TOUKHU Iepeceye-

HUS ocHu Z ¢ IIOCKOCTRI0 XY JI0 TOYKHU BBUIETA DJIEK-
TpoHOB u3 ucrounuka; k=—(E/U)In(r/r); E —
KMHETHYECKas 3HEPTHs dJIEKTPOHOB JO BIIETa B JIHC-
NepCHOE MPOCTPAHCTBO; 7, 7, — PaANYChl BHYTpPEH-
Hero u BHemrHero anekTponoB 1[3; U — noreniman
Ha BHELIHEM aiekTpoze 113; Ha BHyTpeHHEM IIeKTpo-
ne 113 ycTtaHOBIIEH OTEHIMAI, PABHBIA HYJIIO.
Pemenne ypaBHeHUs IBH)KEHHS B €ro mpeoOpaso-
BaHHOM Buze (1) TpeOyer pemieHus: IByX 3aaad: Ha-
XO0X/I€HHUE KOpHS ypaBHEeHMS (2) U cOOCTBEHHO peliie-
Hue (mHTerprpoBanue) ypasHenus (1). B [3] npuse-
JICHO BBIPD@XXEHUE JJIs HauOOJBLIErO yJIalleHUus 7,

OT BHYTPCHHCI'O MWJINHAPA:
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rm 0

2
X exp %LambertW(—%inzS-sinz(p-rlzj . B)

k-sin® 9

rae r,,=1-e — HauOOJbIIEE YNANCHUE DJIEK-

TPOHOB OT BHyTpeHHero ImwmmHapa npu ¢ =0, T.e.

0e3  a3uMyTaJbHOM  KOMIIOHEHTBI  CKOpOCTH,
LambertW(x) — dynkius JlambepTa [8].

VYpaBHEHHE NBIKEHHS MOXXET OBITh PEIICHO pa3-
JIOKEHUEM PeoyLUpOBaHHOrO K BUAY (1) ypaBHEHHS
IBrKeHns B psjg Taiinopa. B pabote [4] pacder mpa-
Boi gacTH (1) OBUT BRIMOJIHEH ¢ TOYHOCTHIO 0 MaJIOi
BEJIMYMHBI Topsaka tg’(y), Tae ¥ — yroi, Iporop-
UOHAJBHBIN a3uMyTalbHOMY yriay. C omHOM cTopo-
HBI, B 9TOM Clly4yae Helb3sl Tpe0OBaTh U30TPOIHOCTU
HAYaJbHOTO pACIHpeeNeHusl 3JIEeKTPOHOB I10 3TOMY
yriay. C apyroii CTOpoHbI, OCTaeTcs BONPOC, AOCTa-
TOYHO 1M Pa3jOKEHHE 10 WICHOB mopsaka tg’(y)
JUTSL TIOJTyYEHUS! MPUINYHBIX 10 TOYHOCTH pe3yiIbTa-
TOB. Pe3ynbTaTel padoThl [3] mOKa3bIBaIOT, UTO B psize
CIIy4aeB 3TOTr0 MPHUOJIMKEHUSI MOKET OBITH HeIoCTa-
TOYHO.

B pabore [3] nmpoBeneHo paziokeHHe MpaBoil ya-
ctu ypaBuenus (1) B pan MakiopeHa mo nepeMeHHO
x =sin’(¢) mo gerBeproro mopska. [lokasano, uro
BILIOTH JO BEJIMYUHBI yraa ¢ B 20° 3TOT mOAXOJ Ja-
eT pemieHne ypasHeHus (1) ¢ BecbMa xopouieid TOUHO-
cTero. IIpy 3TOM B KaXKJI0M TOUKE SMHCCHH paccMart-
puBaack (MecTHas) cepuieckasi cucTeMa KOOpIH-
HaT (CK). IloaTomMy ans 3TOTO Ciy4ass HM30TPOIHOE
paciipefiefiecHue 3MUTHPYEMBIX 3JIEKTPOHOB SIBJISETCS
000CHOBaHHBIM.

MoskHO BEIpaKeHHWEe B TpaBoii yactu (1) pasimo-
KUTh B ABoMHOMN psia (Taitnopa o yrry & u Makio-
peHa no yriy @ ). Koadduuuenrsr B 3ToM psigy sB-
JstoTCest abeppanmonHbiMu  kKoddguimentamu  (AK).
Mo Hacrosmero BpeMEHH CYHTAIOCh HEBO3MOXKHBIM
AQHAJIMTUYECKA TOJNYYUTh abeppalroHHbIe KOd(pu-
MUEHTHl JUIST  WIMHAPUYECKOro 3epkama. XOoTs
B HECKOJBbKMX paboTax IMpPHUBEACHBI aHAINTHYECKHE
BeIpaxkeHus A HekoTopelx AK. Tak, B [9] npusene-
Hbl Beipakenust it AK mo yriy 9 10 BToporo mo-
psAKa U MPUBEIECHO YUCIECHHOE BhIpaxkeHue st AK
no yriuy & Tperbero nopsaka. B [4] paccmoTpen 6o-
Jiee oOIIMil citydail ¢ a3UMyTaJbHBIMU TPACKTOPUSIMH
B MPHOJIMKEHUN MaJIOCTH HEKOTOPOTO yIiia, KOTOPBIH
MIPU CTPEMJIEHUH K HYJIIO CXOJUTCS K YIUIy .

Bce BbuncieHus B JaHHOW paboOTe MPOBENEHBI IS
113 ¢ pamuycoM BHYTpPEHHEro LMJIMHIpa # =2CM,
panuycoM BHEIIHEro LWIMHIpPA 7, =5CM, Ha BHYT-
pEHHEM LMJIMHJIpPE YCTAaHOBJIEHO HANpsKEHHE, paBHOE
HyJI0, Ha BHelIHeM InHape — U =—-100 B.

Hwxe Bce paccTosiHus OyAeM BBIpaXKaTb B MM.

C. 1. IEBYEHKO

BBIYUCJIEHUE BKJIAJA B ABEPPAIIMUOHHBIE
KO3®PUINHUEHTHI OT APEU®OBbIX
IHPOCTPAHCTB

B kaxmom u3 apeiioBbIX MPOCTPAHCTB Ha 3apsi-
KCHHYIO 4YacTHIly He JCHCTByeT HUKakas CHia, IO-
3TOMY €€ JBH)KEHUE SBISCTCS IPSIMOIMHEUHBIM.
Onucanre TakoTO MABIKEHUS SBISETCS TPOCTHIM
u noapo6Ho paccMmotpeno B [3]. Ilpoekuun Tpaekto-
pUM 3IEKTpOHa B APeH(OBBIX MPOCTPAHCTBAX Ha OCh
Z npuBeneHsl B [3].

IIpoekuust Ha Ocbh Z TPAEKTOPUU DJIEKTPOHA B IIEp-
BOM JpeiioBOM IPOCTPaHCTBE:

10 =(Vi7 =7 sin* (@) =1, -cos(9)) /1e(9).

IIpoekuus Ha Och Z TPaeKTOPHUU HIEKTPOHA BO BTO-
poMm apeiipoBoM IpoCTpaHCTBE:

1 = ({7 =1 -sin*(9) =1, -cos(@) -
~JB =1 sin’ () ) a9,

rae Py — paanycC nNujiInHApa, COACPKAIICTO BbIXOI-

HYI0 quadparmy.

CyMMapHBIii BKJaJ] B TPOCKIUIO TPacKTOPHH
9JIEKTPOHa Ha OChb Z 0T o00oux napei(oBBIX Mpo-
CTPAHCTB!

[ =[P+ 1 = (2'\/;12 — 12 -sin’ () -

~ 1y -cos(g) = BT = i sin'(p) | fre(9).

BBexem o6o03HaueHust s =sin(3,), ¢ =cos(3,).
CyMMapHbIii BKJIaJ B MPOEKIHUIO TPAECKTOPHU

JJIEKTpOHAa Ha OCh Z OT 000WMX JAper(oOBBIX Mpo-

cTpaHcTB OyJleM HCKaTh B BUZE PA3JIOKEHUS B Pl

L(P) —

= A+ A A+ AV A+ A - Ap-AI+... (4)
Unen pasnmoskeHUs MpaBoil yactu BeIpaxkeHws (1)

nopsiaxa (i, jg) (C TOYHOCTBIO 1O KOHCTAHThI 3TOT

YJICH paBeH MPOU3BOJHON 3TOr0 MopsijaKa) 0003HaAUCH
KakK A[(I;).

14((),1(3)):(2-1”1 -1 -P)cls.
A =

:—ro-(z.ro.Py — ro.rl

— ,ﬁl.[}).c/(z.,fl.[;.s).

AD =1y @1y P= 15 = 1-P)/ (25 5+ P).
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A -
=1, (27, P, — _,/].py).c/(z.ﬁ.rl.py)
Ai,l;)z_”o'(6'Py3"’o3 _ S‘P‘?"’o‘r,z 4

- 3-r03-r13 + ;f-lf)-c/(24-s-rl3-Py3).

Toh

2 3
+4-P -1, -1

(f)z—(2-rI—Py—ro)/s2.

o =(Q2-n =1, —P)-cls.

oy =—(2-5—P —1)-(1+2-¢*)/ (3-s*).
M =c-(25,-P,—1)-(2 + )/ (35°).

OTmeTnM, 9TO B CHUTy TOTO, UTO Pa3OKEHHE Tpa-
BOil yacTu BeIpakeHus (1) 1o mepeMeHHoil () peann-

3y€TCsAd B OKPECTHOCTHU TOUYKH Q)O = 0 , II0 OTHOIICHHIO

o P
K KOTOpOM L CUMMETpPUYHA, BCE HEUETHBIEC IO Ie-
pemMeHHo#l (@ Bkiaasl B AK paBHBI HyJIIO.

YUCJEHHOE HAXOKAEHUE BKJIATA
B ABEPPAIIMOHHBIE KO®OPUIIUEHTDI
OT JUCIIEPCUOHHOI'O ITPOCTPAHCTBA

B ocuoBe MCTOAA JIC)KUT BO3MOXXHOCTDH BBIUUCIATH

D
spadenns L) IPOEKUMH TpaeKTOPMM AIEKTPOHA
B JIMCIEPCHOHHOM IPOCTPAHCTBE HAa OCh Z (cM. pabo-
Ty [3]). @Puxcupyem HEKOTOpOe 3HAYCHHE YTIJia

9=48,, nnayrna @, suibupaem 2- N, +1 pasnoor-
crosimux 3HaueHuit @, =@, +i-A@, ie(-N,,N,),
A =1° ¥ BBIUUCIAEM HA MHOXECTBE (), 3HAUCHMS
LﬁD). Jlanee cTpOUM HHTEPHOIALMOHHBIA MOJHHOM

IO TIEPEMEHHON () B OKPECTHOCTH TOYKH (), IPOXO-
JAIIAN Yepe3 3TH TOYKHU:

Nﬂ
L(D)(§0a190) = ZAn,O (p—9,)".

n=0
Koaddummentsr 31oro mognHOMa paBHBI BKIAAY
B COOTBETCTBYIOLIHNE abeppauroHHbIe KO3 PUIMEHTHI
A, OT IMCTEPCHOHHOTO MPOCTPAHCTBA B OKPECTHO-

n
cruyrina @, unpu 9 =39, .

AHaJOTUYHO TIPOBOJMM BBIYMCIICHHE MPOECKIHH
TPAEKTOPHI DIIEKTPOHA I (PUKCHPOBAHHOTO YIJIa

=@, u 2- Ny +1 paBHOOTCTOSAIMNX 3HAYCHUH yriia
19]. =9,+j-A8, A9=1°. Crpoum uHTEpHONSALH-
OHHBIN TOJWHOM, NPOXOMSIIMN Yepe3 BCE TOUKHU

L?(9,,9)):
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Ny
(D) _ m
L9y, ) =Y Ay, (99"
m=0
W momydaem 3HadeHUs BKJIala B COOTBETCTBYIO-
npe adeppaiMoHHbie K03 duIreHTHI AO,m OT JHC-

IIEPCHOHHOTO IPOCTPAHCTBA B OKPECTHOCTH yria I,

U Ipu @ = Q.

Heckombko 0osee ciaoxHO 0OCTOWT CHTyaIus
C BBIYMCJICHHEM 'CMENIaHHBIX" a0eppaIrmoHHBIX KO-
3¢ $UIMEeHTOB (BBIYMCICHNE CMEIIaHHBIX MPOM3BOJI-

HbIX). JIJIs 3TOrO BBIYMCISEM BEITUINH Jase
. y Ha nps-
MOYTOJIBHOM MaccHuBe TOYEK

(iy»Js)=(=N,+N,)x(=Ny +N,), paBHOOTCTOAIHMX
no yriam @ u 9 coOTBETCTBEHHO, @, =@, +i-Ap,
8, =8, +j-A3, Ap=1°, AI=1°.

Ham He00X0InMO BBIYUCIIUTH
1 4L (p,9

= . - (q)m ). T.x. YacTHyl mpOU3-

7 onlm! de"-d8

BOJHYIO OT HECKOJIBKHUX IIEPEMCHHBIX MOXXHO BbIYHC-
JAATh II0CJICEJOBATCIIBHBIM I[I/I(l)(bepeHHI/IpOBaHI/ICM B
MMPOU3BOJIBHOM IMOPAAKE, TO CIIPABCAJINBO PABCHCTBO

n m (D)
A :i. d (Ld L ((p"g)Jz

"onl de"\m! dg”
_i. dm idnL(D)((p,lg)
m! d9"n! do" '

[Tostomy st Berumcienus AK mopsaka (7 -m)
MOKHO CIEpBa Ul BCEX BO3MOKHBIX YIJIOB (), BBI-
D
d"L™(g,,9)
dg”

JIOTO (@ =@, CTPOUM HMHTEPIOJSILUOHHBI MOJIUHOM

YUCJIIUTh MPOU3BOJHYIO . T.e. nna xax-

B OKPECTHOCTH TOYKH ¥, KOIpHHUHEHT KOTOPOro

C HOMEPOM 7 C TOYHOCTBIO 10 - paBeH 3TOH Mpo-
m!
n3BOAHON. Jlanmee 1yl BBIYMCIEHUS NMPOU3BOJHOU OT

nonyquHoﬁ BCJIIMYMHBI I10 HepeMeHHOﬁ ( UCIOJb-

3yEM pPAHCC ONHMCAHHYI MCTOIUKY. TouHO Takoe ke
,Z[eﬁCTBPIC MOXXHO HOpOACIaThb, NOMCHAB MOPSAAOK Ha-
XOXKACHUS TPONU3BOJHBIX.

AHAJIMTUYECKOE HAXOXJIEHHUE BKJIAJA
B ABEPPAIIMOHHBIE KO®OPUIIUMEHTDI
OT JUCIIEPCUOHHOTI'O ITPOCTPAHCTBA

OCHOBHYIO TPYJIHOCTH INPECTABISECT BBIYUCICHHUE
BKIaja B abeppallMOHHbIE KO3(QQHUIUEHTHI OT HC-
HEPCHOHHOTO MPOCTPAHCTBA.
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[IpoBoauM paznokeHHe NpaBoil 4acTu QOPMYIIbI
(1) B psin Toaiiopa mo yrity 3 u MakiopeHa 1o yriy
(¢ " BbIENSIEM KO3(PPHUIMEHTHI 3TOTO Pa3IOKEHHS.

Otn ko3 durmentsl n OynyTt uckomeiMun AK. Hmxe
OyzaeM Hcroab30BaTh 0003HAUCHHS:

[P —
= A + A A+ AT A+ A Ap-AG+ .., (5)
rae L'” onpeneneno Beime.

(D).
Hust anena Ay

() =2.cos(8,)- j ! dr.

r 1 r
' [sin?*(8,)——In| —
\/sm (%) X n[r]j

HUHTCIrpajiec

V= ksin2(90)—1n[

[IpoBens B 3aMEHY  II€PEMEHHOU
r
I8

] , JICTKO IOJIyYHUTb
1

B =2k -cos(9y) - 1,0 N7 -erf(p),

. 2
rie p=k-sin’(9,), r,=r ",

DTO BBIpaXCHHE MPAKTUYECKH COBIIAJIAET C TEM,
9TO0 HOoay4YeHO B [4]. OTIHuue TONBKO B OMpENCICHIN
¢yukuun erf(p) . Mbl MOJIB30BAIUCH OMpeEJICICHHEM

crpaBouHuka [10].
Jns AK A7 nveem:

. 1
(") = 25in(9,)- j

A 1 r
' [sin®(9)——In| —
\/sm ( 0) n[}ﬁJ

+2cos(9,)- J Sin(%)-cos(%)

1 3/2
" | sin®(9,)—In| =
(sm (%) p HLGD

. 2¢0s(9,) 7,0,
1 r
in*($)——In| —
\/sm (%) : n[rlj

rml
dg

Ocob6ennoctu Beiuucienus AK pasdepem moapo0-
Ho Ha npumepe A\ B TIpunoxenun 1.

(D) _
= 2-s-\/;-rm0><

dr +

B

rne r,, =

C. 1. IEBYEHKO

x(2-¢” | p + r-erf(p)- (-1 + 2-¢*-k)).

(,DZ): \/%.C. rmOX
x4 k-5 —6-k-s*+2- k- — 1)\ -erf(p)+
+2- k3/2-c-rmo-ej”2 2 k-5t =357+ p—

52 3 2 -t /.3
2k -c s r,- e’ I p.

O = Jk-s-r,-(1—20-¢k -
—24.58°- k> + 6-k-5"+8-k s>t +
+12-¢* k%) r -erf(p) /3 +
+k s e (<202 =24 k57 P+
+6-5°+8 k757" +12-k-c")/(3-p)+
+k s e (12-5° =
—4-k-s*-c*—6c*)/(3-p)+

2
+2k77 5%t er e /ps.

Beenem 1i1s yno6cTBa BenuuuHbl L, :
L=c~k-r, (16-c* ks + 48.¢* k57 -
- 80-c’ kst +12-¢* kP - 160-¢ k7 -5 +
+60-k*-s* — 20-¢* k + 60-k-s* +
+ 1)-\/;-erf(p)/6.
Lzzc-k3/2-rm0~e"”z(4- st
+12-c* kst - 20-¢" kst +
+3-¢*k — 40-¢*k-s* + 15-k-s* -
-5-¢ +15-5*)/(3-p).
L=-k"c-r,- e (4t kst o+
+12-c* k-5 = 20-¢"k-s* + 3¢t -

—40-¢*-5* + 15-5s")/(6-p).

L, zkm-rmo-sz-cz'-e’p2 ((k-s* + 3)-*=5-s1)/p°,

Li=-15-k"-5s"-¢ 1, e /(6-p)).
Torna:

A =L +L,+L,+L,+Ls.
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© :—2-k3/2-s2-c-r02-(e”2 /p+i-x/;-erf(i-p))/"mo-

Aé?)=—2~k3/2-s-r02'(s2 + 2-k-stc’ —
—2-*)eim-erfi- p)fr, +2-K s 1 e x
x(s*+2-57c"k = 23/ (p-r,,)+

2
+2-k°7 577 e” [ (ry P

(g)=—2-k3/2-c-r02-(—7-s2+ 4-k-s*+

+4.k% -5t - 8- k-5t -t —
—2-k-s*c® + 2-k-st + 2-cP)x
xi-\/;-erf(i-p)-}-km-c'roz-epz-(7-52—
—4-k-s* — 4k st 4+ 8 kst
+ 2-k-stc® = 2-k-st = 2N/ (P
Jrkm-sz-c-roz-e”z-(—2-S2 - 2-k-st o+
+5-¢ -5/ (r, P~

-3k st e /(7 D)
A =
=3k st et B a3 p) ) -
2.4 s et ir el p)/ (Bryy) -
4

-3k st con &7 [(p-r)+
+2-k% 5" cory e /31, p)—

52 4 4 3.p° 3 3
-k st e e (20, p).

CPABHEHME PE3YJIBTATOB
AHAJIUTUYECKOI'O U YUCJIEHHOI'O
HAXOXIEHHUA ABEPPAIIMOHHBIX
KO29PNUIIMEHTOB

Brie Obii moJTydeHB! BKJIAJbl B abeppanuoH-
HbIe K03 QHULIMEHTH! OT IBYX ApPeH(OBBIX U AHUCIIEP-
CHOHHOTI'O NPOCTPAHCTBA YMCICHHBIM M aHAJIUTHYe-
ckuM Metogamu. CpaBHUM TOJHBIE abeppaluOHHBIC
koa(punmenTs (CyMMy BKJIAIOB OT JABYX Apeido-
BBIX U JUCIIEPCHOHHOI'O MPOCTPAHCTB) AJS LMJINHI-
pudeckoro 3epkana. CpaBHUBacMbIe JaHHBIE CBeJle-
HBl B 9 Tabmuy, npuBeaeHHBIX B [Ipmiioxenun 2:
Tabn.1, 4, 7 — pe3yabTaThl BBIYUCIICHUs abeppaiiu-
oHHBIX KO3 Punmenros L3, Tabm. 2, 3,5, 6, 8,9 —
pe3yNbTaThl BBIYMCICHHS MPOCKIUU TPACKTOPUH Ha
och Z.

CpaBHeHHE pPE3yJIbTaTOB BBIYMCICHUS abepparu-
OHHBIX KO3((QHUIMEHTOB MMIMHAPUIECKOTO 3€pKaia,
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MOJYYECHHBIX aHANUTHYECKUM M YUCICHHBIM METOJa-
MM NIPH pasHbIX 3Ha4eHusx 7, u P, (cm. Tlpunoxe-

Hue 2, Tabn. 1, 4, 7), mOKa3pIBaET XOpOIIee COBIAJIe-
HUE pe3ysnbTaToB. M3 3TOr0 MOXHO CiAeIaTh BBIBOI,
YTO W AaHATUTUYCCKUH, U YMCICHHBIA METOIBI BBIUNC-
neHnst abeppanroHHBIX KOA(HUIIMEHTOB HIHHIPH-
YEeCKOr0 3epKaya padoTaloT.

B Tpunoxenuu 2, Tabdu. 2, 3, 5, 6, 8, 9, npusene-
HO CpaBHEHHE pEe3yJIhTaTOB BBIYUCIICHUS MPOEKIUU
TPACKTOpHiA Ha OCh Z TPH TEX XKE MapaMerpax, 4To
1 B Ta0. 1, 4, 7, COOTBETCTBEHHO, B OKPECTHOCTH TO-

aek (¢,,9,). [Ipudem B Tab. 2, 5, 8 NPOSKIMH BbI-
YUCISINCH IpH n3MeHeHnn ¢ =(0+20°) u 9=39, =
=const, a B Tabn. 3, 6, 9 — mpu @ =@, =const
u m3MeHeHuu 3 =(—10°+10°). BuaHo, 9TO U B TOM,

U B APYTOM CIIy4ae BEIMYHHBI IPOECKUUI TPaeKTOPHHA
Ha OCh Z, OJTYYCHHBIE TTO/ICTAHOBKOW aHAJTMTUIECKUX
WJIM YUCIIEHHBIX 3HAYeHWH abeppannoHHBIX K0dhdu-
UEHTOB B (hopmydy (5), COBIANAIOT C OYCHD BEICOKOH
TOYHOCTBIO. IIpoekuuu TpaekTopuil Ha oCh Z, MOIy-
YaeMble NPSMBIM HMHTETPUPOBAaHMEM IPaBOM YacTu
BbIpaxkeHus (1), coBmasaroT ¢ XOpolIel TOYHOCTBIO C
pe3ybTaTaMy MCIIOJIB30BaHMs BbIpakeHHs (5) BIOJb
muanu ¢ =39, =const BmIoTh 10 @ =20° a BHOIB

JUHUM @ =@, =CcOonst — TOJBKO [0 3HAYCHUH yria
&, menpmux 10°.

BbIBO/IbI

Hannsle, npuBeneHuble B [puioxkennu 2, Tabm. 1—
9, MOKa3bIBAIOT, YTO aHATUTHYECKHE (HOPMYIIBI M YHC-
neHHbIi Meton BeluucieHus AK narot coBmagaromue
C BBICOKOW TOYHOCTBIO PE3YJIbTATHI.

Brruucnenns no aHanuTHYECKUM (GOpMysaM ocy-
HIECTBIISIIOTCS HECKOJIBKO OBICTpee, YeM YHCICHHBIM
METOJIOM.

To, 4TO B KayecTBE LIEHTPa Pa3jOkKEHHUs MO YIiIy

(@ OBIIO MCHONB30BaHO 3HaueHue ¢,=0, ¢ onHOI

CTOPOHBI, 3HAYMTENBHO YIPOLIAET IIPOLECC BbIBEJE-
HUs GopMyIT U caMu GOPMYJIBL, a, C APYTOM CTOPOHBI,
OTHOCHTEIBHO TOYKM (0 =0 Takume QyHKIMH, Kak

L"), ABNAIOTCA CHMMETPMYHBIMH. DTO TIPHBOJUT
K TOMY, YTO BCE€ HEUETHBIE IO mepemMeHHoil @ AK

paBHBI HYJIIO.
B cnyuae anamuTHueckux (OPMYN  MEPEXO]
K OompimmM mopsinkam AK Benet criepBa K OONBIION,
a MOTOM M K OY€Hb OOJIBIION IPOMO3IKOCTH (DOPMYIL.
B TO BpeMs kak B ciIydae YMCICHHOTO METO/a BBIUHC-
nennst AK mns mepexona k OonbrmM nopsiakam AK
CemMyeT TPOCTO B TPOTPaMME ITOCTaBUTH OOJIBITHE
MOPSAIKA UHTEPIOJSIIIMA W YBEITUYUTh TOYHOCTH BBI-
YUCIICHUS 0a30BBIX TPACKTOPHUH, MO KOTOPHIM OCYIIEe-
CTBIISIETCSL YIIOMSTHYTasl BBIIIE HHTEPIIOJISAIINS.
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Ewe omauM (hakTtopoM, BIAMSIONMM HA TOYHOCTH
KOHEUYHBIX pe3ynbTaTtoB (AK umm mpoeknusi TpaeKkTo-
puu Ha och Z), SABJIAETCA TO, YTO C YBEIHYCHHEM
©—@, n 3-8, TOUHOCT KaK aHATUTHYECKHUX

(opMyJI, TaK W YHCIICHHBIX PE3yJbTATOB YMEHBIIIAET-
cs (KaKk y BCSKOH IMOJMHOMHAJIBHOM HHTEPIIONSLNN
MpU yJaJIeHWH OT IieHTpa uHTeproysauuu). [Toatomy
B 3TOM YMCIEHHBII METOJ, AJ KOTOPOro LEHTP HH-
TEPHOJISILIUNA MOXKET U3MEHSATHCS, BBITOJHO OTIUYACT-
Cs1 OT AaHAJIMTUYECKOT0 METO/A.

INPHUJIOKEHHUE 1
Ipeobpazosanne AK A, HauHeM C 3aMeHBI Tie-

peMeHHOi y* =ksin’(9,)—1In (Lj , r=rx
I
xexp(ksin®(9,)—y?), dr=-2-r,-y- e dy.
[Ipu 3TOM TpEIENbl MHTEIPUPOBAHUS MPEOOpaszy-
FOTCS CIIEAYIONINM 00pa3oMm:
r=n—>y=p; r=n,—>y=0.
IToxncrasisiem Bce 310 B AK AO,] :

P 71/2
AO,] = _2Sin(‘90)'-[k72 o V- efyzdy +2co0s(9,) x
0
y ]Zsin(lgo) .cos(lgo).32. Vo'V e’ dy + kl/Z ‘rmOl ‘
0 y y —)0

Buzmro, uto npu y — 0y 0HOrO W3 WHTETPAIOB

B TIOJIBIHTEIPAIILHON (DYHKIIUM COJEPIKUTCS CHHIY-
JSpHOCTH. JTO Habmomaercs y Bcex AK. B neiictBu-
TEIBHOCTH BCE CHUHTYJISIPHOCTH B3aHMMHO COKpPAIllalOT-
cs1. UToOBI TIPOJIEMOHCTPUPOBATH ATO, BCE MPOMEXKY-
TOYHBIE TIPeoOpa3zoBaHusi OyJIeM MPOBOJUTH MPH yC-

JIOBMH, YTO 7 =7V, —> Y =& . A B KOHEYHOM BEIpa-

KEHHUH, €CIIN KAKUE-TO YJICHBI, COACpXKAIIUE & , CLIC
OCTaHyTCs, IIOJACTABUM IIPEIACIT & = 0.

B = 2.sin(t,) k" -,y N7 -erf(p) +
+2-cos(t,) - (=2 -sin(t,) - cos(t,) k7% 7y iy +
+ 2.1, -sin(t,)-cos(t,) - k) / €),
Lerdy 1 e
rae iy, =je A N ()
o YV &€ p
Bujno, uTo useHsl ¢ l/ & (CTOAT B KPYIJIBIX CKOO-

kax) B AK 4, cokpamarorcsi. AHaJIOTHYHO HPOHUC-
XOJUT U BO BceX ocTaIbHBIX AK.

IMPUJIOKEHUE 2

Taba. 1. CpaBHeHue abeppallMOHHBIX KOA((GUIMEHTOB IS MIMHAPHYSCKOTO 3epKajia, MOTYICHHBIX aHAUTHYC-
ckuM (cTpoka A) m yucieHHbIM (cTpoka ) meromamu, mpu 71y = 5 mm, P, =1.818182 mm, E = 157.46272 5B,

9, =43.5°

Meton Aso Ay As) Aso

A 0.0083561879 —0.0151914388 0.0166378967 0.0115541034
q 0.0083561879 —0.0151914388 0.0166378967 0.0115541021
Meton Ao Aoo Aos Aoa
A 0.0363159922 —0.0388008040 —0.3284181963 —0.0096111739
q 0.0363159922 —0.0388008040 —0.3284181961 —0.0096111742
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Ta6a. 2. CpaBHeHHE NPOEKIMU TPAEKTOPHHU HA OCh Z NpH ¥y = 5 MM, P, = 1.818182 mm, E = 157.462 3B, 9, =43.5°

JUISL WTMHPUYECKOT0 3epKajla, MOJyYeHHOW pacdeToM 3TOH mpoekuuu 1o merony padotsr [3] (crpoka L,T ), mon-
CTaHOBKOH HaWJICHHBIX aHAJIUTHYECKUM METOJOB abeppalnuoHHbIX Kod(duuneHtoB B Gopmyny (5) (ctpoka L,an)

M YHCIICHHBIM (CTpoKa L,nu) MetonoM. B BepxHeil crpoke mokasausl mocienosarensuo @ =@, =0°, ¢ =@, +5°,

o=¢,+10° @=¢,+15°, @=¢,+20°

Meton §0=§D0=Oo §0=§00+50 §0=¢0+100 §0=¢0+150 §0=§00+2Oo
L, T 0.1276964045 | 0.1277028591 0.1277223066 0.1277550057 0.1278014140
L,an 0.1276964045 | 0.1277028591 0.1277223066 0.1277549908 0.1278013284
L,nu 0.1276964045 | 0.1277028591 0.1277223066 0.1277549908 0.1278013284

Taba. 3. CpaBHeHME NPOEKIUM TPAEKTOPMU HA OChb Z mpu 7y = 5 MM, P, = 1.818182 mm, E = 157.462720 1B,
9, =43.5° 104 UMIMHAPUYECKOrO 3epKajla, MOJYYEeHHOH pacyeToM TOH MPOeKInH 1o MeToay paboTsl [3] (cTpoka

L, T ), moAcTaHOBKON HAWICHHBIX AHAJUTUYCCKUM METOAOB aOeppaloHHBIX KO3(QQuuueHToB B hopmyry (5)
(cTpoka L,an) u moACcTaHOBKOM HAWACHHBIX YHCICHHBIM METOOM a0eppaIllHOHHBIX KOAPPHIHEHTOB B hopmyiy (5)

(ctpoka L,nu). B BepxHeii cTpoke mokasaHbl mocnezosarenso 9=9,-10°, $=94,-5°, 9=, 9=9 +5°,
9=39,+10°
Meron 9=, -10° 9=9 -5° 9=39, 9=39,+5° 9=39, +10°
L, T 0.1256153747 | 0.1266647232 | 0.1276964045 0.1286681971 0.1295377643
L,an 0.1256153154 | 0.1266647215 | 0.1276964045 0.1286681983 0.1295377994
L,nu 0.1256153154 | 0.1266647215 | 0.1276964045 0.1286681983 0.1295377994

Ta6u. 4. CpaBHeHHE abeppallMOHHBIX KOY(Q(UITMCHTOB LTS IIITHHIPHICCKOTO 3epKaja, IOyYeHHBIX aHaJTHTHYC-
ckuM (cTpoka A) u uucneHHbIM (ctpoka Y) Mmeromamu, mpu ro = 10 mm, P, = 7.272727 mm, E = 127.478 3B,

9, = 41.04°

Meron Az Az Az Asp
A 0.0063261255 —-0.0097267032 0.0186543141 0.0025918275
q 0.0063261255 —-0.0097267032 0.0186543144 0.0025918276
Meton Ao, Aos Ao Ao
A 0.0191871238 —-0.0224070994 -0.2176317766 0.0521608189
q 0.0191871238 —0.0224070994 —0.2176317764 0.0521608189

Ta6u. 5. CpaBHeHHE IPOEKLMU TPAEKTOPUM Ha OCh Z TIpu 1y = 10 mm, P, = 7.272727 mm, E = 127.478 5B, 9, =41.04°

JUTS WIMHAPUYIECKOTO 3epKajla, MOJTYYeHHOW pacuyeToM ATOH MpoeKIuHu mo meroxy pabotsl [3] (ctpoka L,T), moncTaHoB-
KO HalJIEHHBIX aHAINTHYECKUM METOJOB abeppallioHHBIX k03(dduimentor B popmymy (5) (cTpoka L,an) ¥ YHCICHHBIM

merogoMm (ctpoka L,nu). B BepxHeil cTpoke mokasaHbl mocienosarensHo @ =@, =0°, ¢ =¢, +5° @=¢,+10°

P=0, +15° @=¢,+20°

Meron p=¢,=0° o=@, +5° p=¢,+10° o=@, +15° @ =¢,+20°

L,T 0.0915553589 0.0915602417 0.0915749087 0.0915994157 0.0916338568
L,an 0.0915553589 0.0915602417 0.0915749086 0.0915994153 0.0916338542
L,nu 0.0915553589 0.0915602417 0.0915749086 0.0915994153 0.0916338542
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Taba. 6. CpaBHeHHEe NPOEKLUM TPAEKTOPUU HA och Z npu ry = 15 mm, P, = 12.727273 mm, E = 87.32 2B,
8, =37.35° nna UMIMHAPHYECKOTO 3epKana, MOIydEeHHOM pacueToM 3TOH MPOEKIUM IO METOoxy paboTsl [3]
(ctpoka L,T), mocTaHOBKO HaiIEHHBIX aHATUTUYECKUM METOJIOB a0eppalMOHHbBIX K03 GHINEHTOB B GopMy-
ay (5) (ctpoka L,an) ¥ TMOACTAaHOBKOW HAaWICHHBIX YHCICHHBIM METOAOM abeppalnroHHBIX K03(duiueHTor
B (opmyny (5) (cTpoxa L,nu). B BepxHeil cTpoke mokasaHbl IOCIeAoBaTenbHo 9 =9, -10°, 9=39 —5°,

9=9,, 9=9,+5° 9=9,+10°

Metozn 9=3,-10° 9=4 -5° 9=39, 3=39,+5° =38, +10°

LT 0.0904581366 | 0.0910097916 | 0.0915553589 0.0920664097 0.0925152784
L,an 0.0904580635 0.0910097894 | 0.0915553589 0.0920664115 0.0925153325
L,nu 0.0904580635 0.0910097894 | 0.0915553589 0.0920664115 0.0925153325

Ta6u. 7. CpaBHeHHe abepparMOHHBIX K0Y()(UITMEHTOB TS UIMHIPUICCKOTO 3epKaja, IONyYeHHBIX aHaJIHTH9e-
CKMM (cTpoka A) U uucieHHbIM (cTpoka Y) merogamu, npu ry = 15 mm, P, = 12.727273 mm, E = 87.32 3B,

9, =37.35°

Merton Asg Ay Aap Aag
A 0.0022050038 —0.0072969510 0.0295819374 0.0295819371
q 0.0022050038 —-0.0072969510 0.0295819371 0.0024862935
Meton Ao, Ao Aos Aoa
A 0.0074284139 —0.0088784501 —0.1244928874 0.0852010019
q .0074284139 —0.0088784501 —-0.1244928870 0.0852010012

Ta6a. 8. CpaBHeHHe NPOEKUMU TPAEKTOPMU Ha OCb Z mpu 7y = 15 mm, P, = 12.727273 mm, E = 87.32 3B,
8, =37.35° mnst UIMHAPHYECKOTO 3epKaja, MOMyYeHHOI pacyeToM 3TOH NpoeKnuu o MeToxy pabots! [3] (cTpo-
ka L,T), moacTaHOBKOW HAWICHHBIX aHAIUTHYESCKAM METOIOM abeppalrioHHBIX KodddumueHTtoB B popmymy (5)
(ctpoka L,an) 1 4HCICHHBIM MeToIOM (cTpoka L,nu). B BepxHeil cTpoke IOKa3aHsI HOCIeI0BaTENbHO @ = @) = 0°,

o=0,+5°% o=¢,+10°, @=¢,+15°, ¢@=q¢,+20°

Meron p=¢,=0° Q=@,+5° @=¢,+10° Q=@,+15° ®=¢,+20°

L, T 0.0537897179 0.0537914208 0.0537965472 0.0538051507 0.0538173209
L,an 0.0537897179 0.0537914208 0.0537965472 0.0538051503 0.0538173191
L,nu 0.0537897179 0.0537914208 0.0537965472 0.0538051503 0.0538173191

Taba. 9. CpaBHeHHE NPOEKLMHM TPAEKTOPUM HA Och Z mpu ry = 15 mm, P, = 12.727273 mm, E = 87.32 3B,
8, =37.35° nns UMIMHIPUYECKOro 3epKana, MOMyYeHHOH pacyeToM 3TOH NPOeKIHH 1Mo MeToy paboTsl [3] (cTpo-

ka L,T), moICcTaHOBKOW HAMICHHBIX aHAIMTHYCCKUM METOJIOB a0eppalMOHHBIX K03 uimeHToB B Gopmyny (5)
(Tpoka L,an) ¥ MOACTaHOBKOW HANICHHBIX YHCICHHBIM METOJIOM a0eppalMOHHBIX K03 duitueHTor B hopmyiy (5)

(ctpoka L,nu). B BepxHeii cTpoke mokasaHbl mocnezoBarenso 9=9,-10°, $=9,-5°, 9=9,, 94=9 +5°,
9=3,+10°

Merton 9=39,-10° 9=8,-5° 9$=3, 9=8,+5° 9=35 +10°
LT 0.0533718658 | 0.0535792439 | 0.0537897179 0.0539865923 0.0541544042
L,an 0.0533717838 | 0.0535792415 | 0.0537897179 0.0539865945 0.0541544701
L,nu 0.0533717838 | 0.0535792415 | 0.0537897179 0.0539865945 0.0541544701

HAVYYHOE ITPUBOPOCTPOEHMUE, 2021, Tom 31, Ne 1




O PACUYETE ABEPPAIIMOHHBIX KO2ODPUIIMEHTOB 115

CIIUCOK JIMTEPATYPBI

. llesuenxo C.H. O cBOWCTBAaX MIJIUHAPUIECKOTO 3epKaIa
NpU y4yeTe DIIEKTPOHOB, UMEIOIINX a3UMYTAIbHYI0 KOM-
IIOHEHTY CKOpOCTH. PacmpeneneHue 31eKTpOHOB BOJIM3U
BBIXOJIHOM nuadparmel / HayuHoe mnpubopocTpoeHue.
2017.T.27,Ne 1. C. 90-101.

URL: http://iairas.ru/mag/2017/abst1.php#abst15

. llesuenxo C.H. O cBOWCTBAaX MIJIUHAPUIECKOTO 3epKaIa
NpU y4yeTe DJIEKTPOHOB, UMEIOIINX a3UMYTAIbHYI0 KOM-
MIOHEHTY ckopocTu. PoKycupoBKa U JHUHUS (HOKycoB //
Hayunoe npubopoctpoenue. 2017. T. 27, Ne 3. C. 81-89.
URL: http://iairas.ru/mag/2017/abst3.php#abst10

. lllesuenxo C.M. O6 aHAIUTUYECKOM PEILCHUH YPaBHEHUS
JBYDKEHHSI DJICKTPOHOB B IIMJIMHIPUYECKOM 3epKaje MpU
y4deTe AJIEKTPOHOB, UMEIOIINX a3UMYTaJIbHYI0 KOMIIOHEH-
Ty ckopoctu // Hayunoe mnpubopocrpoenue. 2019.
T.29, Ne 2. C. 109-117.

URL: http://iairas.ru/mag/2019/abst2.php#abst14

. Bawwxeapa B.B., Kopcyuckuti M.U., Jlaepos B.II., Pedb-
xun B.C. O BIMSAHUM KOHEYHOTO pa3Mepa MCTOYHHKA Ha
(OKyCHPOBKY IyYKa 3apsDKEHHBIX YacTHIl B JJIEKTPOCTA-
TUYECKOM CIIEKTPOMETPE C LWIMHAPUYECKHM MoyieM //
KTD. 1971. T. 41, Ne 1. C. 187-192.

. Cap-Onv X.3. AHanuzarop Tuma UMIMHIPUYECKOTO 3ep-
Kalla ¢ BXOOHOW M BBIXOJHOW IIENSIMH Ha MOBEPXHOCTH
anekTpoza. I. Hepenstusuctckuii ciryyvait / IIpubopst uis
HaydHbIX uccnenoBanmii. 1971. T. 42, Ne 11. C. 43-48
(nepBouctounuk anri.). DOI: 10.1063/1.1684948

. Axcena C. AnmaparHast QyHKIMS IUIHHIPUYECKOTO aHa-
JIM3aTOpa SHEPTUi 371eKTpoHOB // IIpuOOpEI 1 HAYYHBIX
uccnenoBanmit. 1972, T. 43, Ne 9. C. 122-128 (mepBouc-
touHuK anri.). DOI: 10.1063/1.1685923

. Hpetinep J[.E., Jlu Y.-H. XapakTepuCTUKU aHAIU3aTOpa
TUTA IIMHIPUYECKOTO 3epKajia ¢ TeoMeTpueil "KoibIo-

HAVYYHOE [NPUBOPOCTPOEHMUE, 2021, Tom 31, Ne 1

ocp", "ocb-och" M n = 1.5 MpU KOHEYHBIX pa3Mepax WC-
TOYHMKA M INENIM JUIS YIJIOB CpEIHEH TpaeKTOpuu
30°...65° // TIpubops! [uis HAYYHBIX HccaeaoBaHuit. 1977.
T. 48, Ne 7. C. 138-154 (unepBoucrounuk auri.). DOI:
10.1063/1.1135170

8. Iyounos A.E., [younosa H.J]., Caitixos C.K. W-pyHKIUSL
JlamOepTa 1 ee NPUMEHEHUE B MaTeMAaTHYECKUX 3ajadax
¢usuku. VYueb. mocobue mns By3oB. Capor: DPI'VII,
"POAL-BHUUD®", 2006. 160 c.

9. 3awxeapa B.B., Kopcyuckuii M.U., Kocmaues O.C. ®o-
KYyCHpPYIOIIIHE CBOWCTBAa DIEKTPOCTATUYECKOTO 3epKaja
¢ uunuHapudeckuM noseM // KT, 1966, T. 36, Boin. 1.
C. 132-137.

10. A6pamosuy B.A., Cmuean M. CpaBOYHHK IO CIICIHATIb-
HeIM QyHKIUsIM. M.: Hayka, 1979. 830 c.

Hucmumym ananumuueckozo npuoopocmpoenus PAH,
Canxkm-Ilemepoypz

Konrakter: [llesuenxo Cepeeii Heanosuuy,
nyro2@yandex.ru

Marepuan noctynui B peaakuuto 30.12.2020



ISSN 0868-5886

NAUCHNOE PRIBOROSTROENIE, 2021, Vol. 31, No. 1, pp. 107-123

CALCULATION OF ABERRATION COEFFICIENTS
FOR A CYLINDRICAL MIRROR

S. I. Shevchenko

Institute for Analytical Instrumentation of RAS, Saint Petersburg, Russia

Angular aberration coefficients for a cylindrical mirror up to the fourth order in the vicinity of the azimuthal
angle po = 0 and in the vicinity of an arbitrary angle 9, value are analytically obtained. A method is developed
for calculating aberration coefficients of arbitrary order and in the vicinity of an arbitrary point based on the re-
sults of calculating several trajectories. Analytical and numerical methods for calculating aberration coefficients
up to the fourth order are productive in the vicinity of the point (o = 0, $) that coincide with high accuracy.

Keywords: energy analyzer, cylindrical mirror, emission ring, output aperture

INTRODUCTION

This work is a continuation of works [1-3] devoted
to the study of the properties of an electrostatic energy
analyzer the shape of cylindrical mirror (CM, cylin-
drical capacitor) taking into account charged particles
(in our case, these are electrons) with an azimuthal
velocity component.

Previously, this topic was considered in a number
of works [4-7]. In these works, the trajectories of
electrons in a cylindrical coordinate system were stu-
died. The closest to the presented article is work [4].
We used its basic designations.

Three areas of trajectory passage can be distin-
guished: the first drift space, dispersion space, and the
second drift space. The main difficulty is the calcula-
tion of trajectories in the dispersion space.

The equation of motion of charged particles (elec-
trons) in dispersion space, written in a cylindrical
coordinate system, can be simplified to obtain the de-
pendence of time on radial coordinate as an integral
(in the notation of [3])

Xj" dr ’ )

2
! \/Sinz 9—sin28~sin2(0-(r°j —1ln{r]
r k \r

where 7, is the maximum distance of electrons from

the inner cylinder, which is the root of the function
put in (1) under the radical sign

2
sin28—sin29-sin2¢>-(r—°} —%ln(il =0. 2

r h

Initial conditions for the equations of motion:
r, — radius of the point of electron departure from

the source; ¥, — the velocity of electrons before en-
tering the dispersion space; ($,90) — angles in the
local spherical coordinate system, anchored to the
point of emissionz,; 3 — the angle between the nor-
mal to the XY plane (Z axis) and the velocity vector;
@ — azimuth angle, measured around a point7,, be-

tween the Y axis and the projection of the velocity
vector on the XY plane (V,); the Y axis of the local

spherical coordinate system coincides with a straight
line drawn from the point of intersection of the Z axis
with the XY plane up to the point of electron depar-
ture from  the source; k =—(E/U)In(r,/r); E — the
kinetic energy of electrons before entering the disper-
sion space; 7;,7, — the radii of the inner and outer

electrodes of CM; U — potential at the external elec-
trode of CM; potential equal to zero is set on the in-
ternal electrode of CM.

Solving the equation of motion in its transformed
form (1) requires solving two problems: finding the
root of equation (2) and actually solving (integrating)
equation (1). In [3], an expression for the maximum

distance 7, from the inner cylinder is given:
rm = rmO
s exp) - LambertW| ~2sin’ 9 -sin’ g 1o
exp 5 ambe sin” &-sin” @ = 3)

k-sin® 9

where 7, , =1 -e is the greatest distance of elec-

trons from the inner cylinder at ¢ =0, i.e. without the
azimuthal velocity component, LambertW(x) is the
Lambert function [8].

The equation of motion can be solved by expand-
ing the equation of motion reduced to form (1) in a
Taylor series. In [4], the calculation of the right-hand
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side of (1) was carried out with an accuracy of up to a
small value of the order tg’(y), where ¥ — is the
angle proportional to the azimuthal angle. On the one
hand, in this case it is impossible to require the isotro-
py of the initial distribution of electrons over this an-
gle. On the other hand, t he question remains whether
the expansion to terms of order tg”(y) is sufficient to

obtain results of decent accuracy. The results of [3]
show that in some cases this approximation may not
be enough.

In [3], the expansion of the right-hand side of Eq.

(1) in the Maclaurin series in variable x = sin’(¢) up

to the fourth order was carried out. It is shown that up
to an angle @ of 20 °, this approach gives a solution
to Eq. (1) with very good accuracy. In this case, a (lo-
cal) spherical coordinate system (SC) was considered
at each emission point. Therefore, for this case, the
isotropic distribution of emitted electrons is justified.
One can expand the expression on the right-hand
side (1) in the double series (Taylor for the angle 9
and Maclaurin for the angle @). The coefficients in

this series are aberration coefficients (AC). Until now,
it was considered impossible to analytically obtain
aberration coefficients for a cylindrical mirror. Al-
though in several works analytical expressions are
given for some AC. Thus, in [9], expressions for AC
for angle 3 up to the second order are given and a
numerical expression for the AC for the angle 3 of
the third order is given. In [4], a more general case
with azimuthal trajectories was considered in the ap-
proximation of smallness of a certain angle, which
converges to the angle ¢ when tending to zero.

All calculations in this work were carried out for
the CM with the radius of the inner cylinder 7, =2 cm,

and the radius of the outer cylinder r, =5cm, the vol-
tage is set to zero on the inner cylinder, U =-100 B —
on the outer cylinder

CALCULATION OF THE CONTRIBUTION
OF DRIFT SPACES TO ABERRATION
COEFFICIENTS

In each of the drift spaces, no force affects a
charged particle, therefore its motion is rectilinear.
The description of such a movement is simple and
considered in detail in [3]. The projections of the tra-
jectory of an electron in drift spaces onto the Z axis
are given in [3].

Projection of electron trajectory on the Z axis in
the first drift space:

17 (i =5 +sin* (@) = 1, -cos()) 1e(9).

Projection of electron trajectory on the Z axis in
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the second drift space:

1 =(J =75 sin* (@) —1, -cos(p) -
~JBE =1 sin’ (9) ) re(9).

where Py is the radius of the cylinder containing the

output aperture.
The total contribution of both drift spaces to the
projection of the electron trajectory on the Z axis:

LY ="+ 1" = (2'\/ﬁ2 — 1y sin’ () -

~ 1 -cos(g) = [P — i sin’(p) | fie(9).

Let us introduce the notation

s =sin(9,), ¢=cos(I,).

The total contribution of both drift spaces to the
projection of the electron trajectory onto the Z axis
will be sought in the form of a series expansion (4)

P =

_ (f)) +qu€) -A(p+A(§f) 'A9+A1(,f) Ap-AG+... ()

The expansion term of the right-hand side of ex-
pression (1) of order (i,,/,) (up to a constant, this

term is equal to the derivative of this order) is denoted
as A7
L]

14((),1(3)):(2-1”1 -1, - P)cls.

G
Az,o -

=121 P, =1y,

— rl.py).c/(z.rl.Py.s)‘

P) _
4 —VO-(2-}’0-Py— o h

= 1-B)/(2:5" 1" P).
Al =

:—ro.(z.ro.P —

f = 1B)c/Q2:s 5 P).

o h
Aif)):_”o'(6'Py3"”o3 _ 8‘P;”’0‘1’12 n

+4-Pyz'r0-r]3 —3-1*03'1’13 + 7q3-13),3)-c/(24's'1q3-1?‘,3).

A ==Q2n =P, -1/ s,
A) =@ -1 = P)els.

47 =-@2r-P

y

—1)-(1+2-¢*)/ (3-5*).
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B =c(2:n-P -1)-2 + )/ (3-5°).

Note that due to the fact that the expansion of the
right-hand side of expression (1) in variable is carried

out in the vicinity of the point ¢, =0 with respect to

which I'” is symmetric, all contributions to AC, odd
in the variable, are equal to zero.

NUMERICAL FINDING OF THE CONTRIBUTION
OF DISPERSION SPACE IN ABERRATION
COEFFICIENTS

The method is based on the ability to calculate the

values L'” of the projection of the electron trajecto-
ry in the dispersion space on the Z axis (see [3]). We

fix a certain value of the angle 9 =9, and for the an-

gleg,
@ =¢,+i-Ap, ie(-N,,N,), Ap=1° and calcu-

we choose 2:N,+1 equidistant values

late values L\ on a sete,. Next, we construct an
interpolation polynomial in a variable ¢ in the vicini-
ty of the point ¢, passing through these points:

Nﬂ
L (@,8,)= ZAn,o (p— (D())n'

n=0

The coefficients of this polynomial are equal to the
contribution of the dispersion space into the corres-

ponding aberration coefficients A4, , n the vicinity of

the angle ¢, andat9 =3, .

Similarly, we calculate the projection of the elec-
tron trajectories for a fixed angle ¢=¢, and

2-Ny+1  equidistant the
89, =8, +j-A8, A§=1°. We build an interpolation

values of angle

polynomial passing through all points L (¢,, 9,):
Ny
L7(00,9) =D Ay (9= )"
m=0

And we get the values of the contribution of the
dispersion space to the corresponding aberration coef-

ficients A4, in the vicinity of the angle §, and at
O=0q,.
The situation is somewhat more complicated with

the calculation of "mixed" aberration coefficients
(calculation of mixed derivatives). To do this, we cal-

culate the value L' on a rectangular array of points
(i(p,jg) = (_Nq, +N(p) Xx(=Nyz+Ny), equidistant at

the angles @ and 9 , accordingly, ¢, =@, +i-Ag,

C. 1. IEBYEHKO

9,=89,+j-A9, Ap=1°, AG=1".

L 4L (.9)

ntm! de"-d9"
As the partial derivative of several variables can be
calculated by successive differentiation in a random
order, then the equality is fair

1 d [ 1 d’”L(D)(go,S)j_

We need to calculate 4, =

Tl de" \m! dg”
1 d" (1d 0,9
m 49"\ n! de" )

Therefore, to calculate the AC of order(n-m),
one can first calculate the derivative for all possible
angles @, . So, for each ¢ =¢, we construct an inter-

polation polynomial in the vicinity of the point 9,

which coefficient with number » accurate to - is

m!
equal to this derivative. Further, to calculate the deriv-
ative of the obtained value with respect to the variable
@ , we use the previously described technique. Exact-
ly the same action can be done by changing the order
of finding the derivatives.

ANALYTICAL FINDING OF THE CONTRIBUTION
OF DISPERSION SPACE
IN ABERRATION COEFFICIENTS

The main difficulty is the calculation of the contri-
bution of the dispersion space into the aberration coef-
ficients. We carry out the expansion of the right side
of formula (1) in the Taylor series in the angle ¢ and
the Maclaurin series in the angle ¢ and select the

coefficients of this expansion. These coefficients will
be the required AC. Below we will use the notation:

L(D) —
=AD + A A+ AT A+ AT Ap-AG+ .., (5)
where L' is defined above.

For a term Aé,Do) :

Tl 1
() =2.cos(8,)- j dr.

A 1 r
' [sin’*(8,)——In| ~
\/sm %) k n[’qj

By changing the variable y* =ksin®(3,)—In [Lj, in
r

1

the integral, it is easy to obtain
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B =23k -cos(8,) 1, -7 -erf(p), +6-57+8- k% 57t +12-k-c*)/(3-p)+
2 5/2 2 -p’ 2
where p=k-sin’(9,), r, =7 ", +k7esectn, e (12057 -
This expression practically coincides with that ob- —4-k-s*-c*—6c*)/(3-p)+
tained in [4]. The only difference is the definition of Ty 3 s
the function erf(p). We used the definition of the +2k" 57ty €77 / p.

reference book [10].

(D) .
For AC 4;," we have: For convenience, we introduce the values L, ; :

(?)z—Zsin(So)-] 1 dr + L=c~Nkr, (16-c"-k*s* + 48-¢* k-5 —
’ . L (r — 80Pk st H12-¢ kP = 160-¢7 kP57 +
sin“(9,)——In| —
ko 160k -s* = 20-¢” -k + 60-k-5” +
+2COS(’90)'J. s11’1(‘90)'(:05(80) = dl"+ + I)J;erf(p)/6 .
! {SmZ(gO)_llcln(rJJ Ly=ck” .rmo.efp2(4- kst +
e
5 g : +12-¢* kP st = 20-¢ kst +
COs(h) ur 13-tk - 40-C7 k-s” + 15-k-s* -
\/sinz(So)—llcln[rJ _5.¢% +15-5)/(3- p).
I
L=-k"c-r,- e (4 kst o+
Where rmOIZ%' +12'C4'k‘52 - 2O'C2'k'S4 + 3'C4_
2 2 4 3
We’ll analyze the peculiarities of calculating the — 40-c7s7 + 15:57)/(6-p7).

D) :

. . . ( N
AC in detail using the example 4" in Attachment 1. L=k r s e? ((k-s* +3)-¢ = 557/ p’,

<ﬁ’)= 2-s-\/%-rm0><
x(2-e” | p + r-erf(p)- (-1 + 2-¢*-k)). Li=—15-k" 5" r e /(6-p).
(g): Vk-c: o > Then:
X(4-K* -5 —6-k-5*+2- k-¢* — 1)z erf{p)+ AP =L+ L+ L, + L+ L,
+2- km-c-rmo'e*p2 2 k-5t =35+ p-
2k 57 e’ p.

A;D())z_z.ksxz.sz.c.roz,(epz /p+i,\/;.erf(i.p))/rm0.

Az(ﬁ))=—2-k3/2-s-(s2 + 2-k-stc —

(,[3))2 ks Fuo (1= 20-¢* -k — —2-02)-i-\/;-erf(i-p)+2-k3/2-s-rf-e”z><
_24‘S2'C2‘k2 + 6'k‘S2+8'k3'S2'C4+ X(S2+2‘S2‘Cz‘k - 2.02)/(p.]/'m0)+
+12-¢* k) Nrerf(p) /1 3+ 12K el (g pY).

+K s, e (20-¢* —24-k-s*-c* +
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AD =2k corf (=75 + 4-k-s'+
+4-k* -5t~ 8- k-5t -t —
—2-k-s*c® + 2-k-st + 2-c%)x
xi-\/;-erf(i-p)+k3/2~c-r02'epz-(7-s2—
~4-k-s* — 4-k-5*c* + 8-k-s7-c+
+ 2-k-stc® = 2-k-st = 2N/ (r,, p)+
+k5/2'S2'C'I’02'€p2'(—2'S2 - 2-k-s*c +
+5-¢ -8/ (r, p)-

7/2 4 2 3 p? 5
=3k sty e’ I (r,p).

AP =

4,0
=345t ot Beimeerf(iN3 - p) /3 -

_2_k3/2_S2_c_,,oz.i.\/;-erf(i-p)/(}’"mo)_

=3k st n @/ (pery)+

+2‘k3/2 ‘S2 ‘C"/bz ‘epz /(3’,-m0p)—

2
_k5/2 'S4 'C'I’b4 ‘e3p /(2’/;;310 p3)
COMPARISON OF RESULTS OF ANALYTICAL

AND NUMERICAL FINDINGS
OF ABERRATION COEFFICIENTS

Above, we obtained contributions of two drift and
dispersion spaces to the aberration coefficients by
numerical and analytical methods. Let us compare the
total aberration coefficients (the sum of contributions
of two drift and dispersion spaces) for a cylindrical
mirror. The compared data are summarized in 9 tables
given in Attachment 2: Tab. 1, 4, 7 — the results of
calculating the aberration coefficients of CM, Tab. 2,
3,5, 6, 8,9 — the results of calculating the projection
of trajectories on the Z axis.

Comparison of the results of calculating the aberra-
tion coefficients of the cylindrical mirror, obtained by
analytical and numerical methods at different values

of 7, and Py (see Attachment 2, Tab. 1, 4, 7), shows

good agreement of the results. One can conclude that
both the analytical and numerical methods for calcu-
lating the aberration coefficients of a cylindrical mir-
ror work.

Attachment 2, Tab. 2, 3, 5, 6, 8, 9 include a com-
parison of the results of calculating the projection of
trajectories on the Z axis within the same parameters
as in Tab. 1, 4, 7 respectively, in the vicinity of points

(¢,,39,). Moreover, in Tab. 2, 5, 8 projections were

C. 1. IEBYEHKO

calculated changing ¢=(0+20°) and 9=9 =
=const, in Tab. 3, 6, 9 — with ¢ =¢, =const and
changing 3 = (—10°+10°).It can be seen that in both-

cases, the values of the projections of the trajectories
on the Z axis, obtained by substituting the analytical
or numerical values of the aberration coefficients in
formula (5), coincide with a very high accuracy. The
projections of the trajectories onto the Z axis, obtained
by direct integration of the right-hand side of expres-
sion (1), coincide with good accuracy with the results
of using expression (5) along the line 9 =4, = const

up to @=20° and along the line ¢ =¢, =const —
only up to angle 3 values less than 10°.

CONCLUSIONS

The data given in Attachment 2, Tab. 1-9 show
that analytical formulas and the numerical method for
calculating the AC give results that coincide with high
accuracy.

Calculations by analytical formulas are performed
somewhat faster than by the numerical method.

The fact that the value ¢,=0 was used as the cen-
ter of the expansion in angle ¢, on the one hand,

greatly simplifies the process of deriving formulas and
the formulas themselves, and, on the other hand, such

functions as L") are symmetric with respect to the
point @, =0,. This leads to the fact that all ACs odd in

the variable ¢ are equal to zero.

In the case of analytical formulas, the transition to
large orders of AK leads first to large and then to very
large cumbersome formulas. But in the case of the
numerical method for calculating AC, to go to large
orders of AC, one should simply put large orders of
interpolation in the program and increase the accuracy
of calculating the base trajectories along which the
above interpolation is performed.

Another factor affecting the accuracy of the final
results (AC or the projection of the trajectory on the Z

axis) is that with an increase of @ —¢, and 3-39,,

the accuracy of both analytical formulas and numeri-
cal results decreases (as of any polynomial interpola-
tion when moving away from the interpolation cen-
ter). Therefore in this case, the numerical method, for
which the center of interpolation can vary, compares
favorably with the analytical method.
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ATTACHMENT 1 It is seen that, for y — 0, one of the integrals con-

tains a singularity in the integrand. This is observed in

We begin the transformation of AC A4,, by chang- all ACs. In reality, all singularities cancel each other
out. To demonstrate this, we will carry out all inter-

ing the variable yz — ksin? (9,)~In r , r=rx mediate transformatlogs under the con-dmo.n that
i r=r,, — ¥ =¢&.And in the final expression, if some

ml

xexp(ksin®(9))—y?), dr=-2-r,-y- e dy. terms containing & still remain, we substitute the lim-
In this case, the limits of integration are transform- 1t €= 0.

i follows:
ing as follows <D> =-2-sin(t))-k"* -7, \/;-erf(p) +

r=v,—>y=p, r=r, — 0.
e T V= +2-cos(t,) - (=2 -sin(z,) - cos(t,) - k% -1, iy +
We substitute all this in AC 4, : + 2., -sin(ty)-cos(t,) - k¥2) / ),
) P g1/2 _yz ) p 7y dy 1 )
Ay =2 51n(90)-j—2 1o y-e’ dy+2cos(Y,)x where i, = I 7 -erf(i- p).
0 y 0 p
sin(9,)-cos(9,) 27, v e =d dy k” 2 It can be seen that the terms with (in parentheses)
I 3} Y- 0 in the AC 4,, are canceled. The same happens in all
) :
other ACs.
ATTACHMENT 2

Tab. 1. Comparison of the aberration coefficients for a cylindrical mirror obtained by the analytical (line A) and nu-
merical (line N) methods at 7, = 5 mm, P, =1.818182 MM, £ = 157.46272 ¢V, 9, =43.5°

Tab. 2. Comparison of the projection of the trajectory onto the Z axis at vy = 5 mm, P, = 1.818182 mm, £ = 157.462 eV,
8, =43.5°, for a cylindrical mirror, obtained by:

line L,T — calculating this projection according to the method of [3],

line L,an — substituting aberration coefficients found by the analytical methods in formula (5)

line L,nu —the numerical method

The top line shows sequentially p =@, =0°, @ =@, +5°, @ =¢,+10°, o=@, +15° @=¢,+20°

Tab. 3. Comparison of the projection of the trajectory onto the Z axis at 7o = 5 mm, P, = 1.818182 mm, E = 157.462720 eV,
8, =43.5° for a cylindrical mirror, obtained by:

line L,T — calculating this projection according to the method of [3],

line L,an — substituting aberration coefficients found by the analytical methods in formula (5)

line L,nu — substituting aberration coefficients found by the numerical method into formula (5)

The top line shows sequentially 9 = 9, -10°, $=9,-5° 9=39,, 3=9 +5° 9=39,+10°

Tab. 4. Comparison of the aberration coefficients for a cylindrical mirror obtained by the analytical (line A) and numer-
ical (line N) methods at 7o = 10 Mmm, P, = 7.272727 mm, E = 127.478 eV, 9, =41.04°
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Tab. 5. Comparison of the projection of the trajectory onto the Z axis at 7y = 10 mm, P, = 7.272727 mm, E = 127.478 eV,
3, =41.04° for a cylindrical mirror, obtained by:

line L,T — calculating this projection according to the method of [3],

line L,an — substituting aberration coefficients found by the analytical methods in formula (5)

line L,nu —the numerical method

The top line shows sequentially @ =@, =0°, ¢ =¢, +5°, ¢ =¢,+10° @=¢,+15°, ¢ =¢, +20°

Tab. 6. Comparison of the projection of the trajectory onto the Z axis at ) = 15 mm, P, = 12.727273 mm, E = 87.32 eV,
8, =37.35° nns for a cylindrical mirror, obtained by:

line L,T — calculating this projection according to the method of [3],

line L,an — substituting aberration coefficients found by the analytical methods in formula (5)

line L,nu — substituting aberration coefficients found by the numerical method into formula (5)

The top line shows sequentially 3 =9 -10°, 9=9 -5°, 3=39,, §=9,+5° 3=9, +10°

Tab. 7. Comparison of the aberration coefficients for a cylindrical mirror obtained by the analytical (line A) and numer-
ical (line N) methods at 7o = 15 mm, P, = 12.727273 mm, E = 87.32 eV, 9, =37.35°

Tab. 8. Comparison of the projection of the trajectory onto the Z axis at 7, = 15 mm, P, = 12.727273 mm, E = 87.32 €V,
9, =37.35° nas for a cylindrical mirror, obtained by:

line L,T — calculating this projection according to the method of [3],

line L,an — substituting aberration coefficients found by the analytical methods in formula (5)

line L,nu — substituting aberration coefficients found by the numerical method into formula (5)

The top line shows sequentially ¢ =@, =0°, ¢ =@, +5°, @=¢,+10°, @=¢,+15°, @=¢,+20°

Tab. 9. Comparison of the projection of the trajectory onto the Z axis at ry = 15 mm, P, = 12.727273 mm, E = 87.32 ¢V,
8, =37.35° nna for a cylindrical mirror, obtained by:

line L,T — calculating this projection according to the method of [3],

line L,an — substituting aberration coefficients found by the analytical methods in formula (5)

line L,nu — substituting aberration coefficients found by the numerical method into formula (5)

The top line shows sequentially 3 =9 -10°, $=9,-5°, 3=39,, 9=9,+5° 9=9, +10°
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